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Abstract In the last decade Ant Colony Optimization (ACO) algorithms
have received increasing attention due to their flexibility and adaptability to
different applications. Despite these advantages, their design and analysis are
still critical issues; research on formal methods could increase the reliability of
these systems and extend their applications to critical scenarios such as space
or military.

This paper aims at exploring the potential of formal modelling techniques
already developed for studying dynamical systems. The benefits of these tech-
niques are shown in the analysis of a generic ACO algorithm applied to prob-
lems modelled as binary chains. The theoretical model developed is able to
give new insights on the overall system dynamics, predicting the system long-
term behaviours and the influence of specific parameters on such behaviours.
This paper first offers a complete stability analysis for a basic problem provid-
ing an easy description of the key concepts before generalizing the model to
problems of n nodes, allowing its application to real problems. The picture of
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the system dynamics is then completed by a convergence time analysis, which
is necessary to draw sensible conclusions.

Keywords Ant colony optimization algorithm · change of stability ·
dynamical systems · ODE · equilibrium point · parameter impact analysis

1 Introduction

The key element of an ant colony optimization (ACO) algorithm is its construc-
tive nature, which offers a problem solving strategy where the solution results
from the collaboration of the ant-agents. Considering stochastic optimization
algorithms, it is possible to define two different types of convergence: conver-
gence in value and convergence in solution. The first indicates the capability
of an algorithm of generating an optimal solution at least once. Convergence
in solution instead indicates the capability of an algorithm to convergence on
a state which allows the generation of the same optimal solution. Translating
these definitions to the ACO algorithms, when studying convergence in value,
we are interested in one ant finding the optimal solution while when studying
convergence in solution we look at the behaviour of whole ant colony, (Stützle
and Dorigo, 2002).

From an optimization point of view, researchers need algorithms to just be
able to find the optimal solution at least once, convergence in value. However,
as Stützle and Dorigo (2002) pointed out in their theoretical works, conver-
gence in solution is a stronger and more desirable property than convergence
in value for an algorithm; more importantly, its investigation provides a better
understanding of the behaviour of the algorithm itself, see also (Dorigo and
Blum, 2005). Results on convergence in solution were first showed by Gutjahr
(2002). The possibility of convergence in solution is a remarkable advantage of
the ACO algorithms compared to other metaheuristics and it extends its spec-
trum of applications to other fields such as self-organizing multi agent systems.
The synthetic ecosystems, so called by Parunak et al. (1998) and Brueckner
(2000), are an example of self-organizing multi agent systems where the ca-
pabilities of adaptation and optimization of the swarm intelligence paradigms
are directly integrated in multi agent systems developed for industrial appli-
cations, that is, manufacturing systems. In this context, the main focus is on
the long-term behaviours on the entire system. The first aim of this paper is
to understand under which conditions the ACO paradigm offers its property
of convergence in solution, which, from a multi agent perspective equates to
describing and predicting the long-term behaviour of the system. This under-
standing would enable the development of this paradigm for its application on
complex systems.

Research on dynamical systems can help describe and predict the emer-
gent global behaviours of complex systems without a complete knowledge of
the single elements. Many natural systems can be represented with these math-
ematical models, which are able to foresee possible stable system behaviours.
Due to their driving forces, dynamical systems indeed tend to settle on stable
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behaviours, stable equilibrium points, more commonly known as attractors.
An attractor is a region of the state space where, as time passes, the various
dynamics eventually converge. This represents the long-term behaviour of a
complex system and it implies some form of self-organization (Gabbai et al.,
2005). An attractor indeed is a form of emergence and a swarm, an ant colony,
can be modelled in these terms. While the details of the swarm’s behaviour
may vary in time, those variations are often constrained to an attractor. Solé
and Bonabeau have already described the ant foraging behaviour of a number
of ant species using nonlinear differential equation models (ODE) (Solé et al.,
1993; Bonabeau, 1997). Nicolis in particular demonstrates the capability of
an ODE model in describing the bifurcations and the changes of stability of
the real ant colonies (Nicolis and Deneubourg, 1999; Nicolis and Dussutour,
2011).

With regards to the ACO metaheuristic, the potentials of the ODE mod-
elling has yet to be fully explored. Gutjahr was able to analyse the convergence
speed of a number of problem representations using ODE (Gutjahr, 2006) as
well as the computational complexity of a number of variants of the GBAS
algorithm on problems represented as binary chains (Gutjahr, 2008). Merkle
and Middendorf (2002) showed how ODE can efficiently be used to compare
different algorithm features which affect the dynamics and the system equilib-
rium points. Purkayastha and Baras (2007) in a similar manor analysed the
long-term behaviours identified by the equilibrium points of an ACO routing
algorithm. These works have successfully demonstrated how ODE modelling
can answer a number of questions related to the convergence properties of
the ACO algorithms; however, their analysis is usually directed to specific
algorithms and none have performed a complete stability analysis aimed at
identifying the conditions for such convergence. To the best of our knowledge,
only Meyer (2004, 2008) studied this area, briefly showing how the system sta-
bility can be affected by a specific parameter characterizing the ACO transition
probability. However, this author has not presented a formal demonstration
of these results and has not been able to generalize them to real problems.
As a result, the importance held by this parameter in the system dynamics
has not received enough attention. This paper, thanks to a formal mathe-
matical analysis, rediscovers some of the key concepts shown by Meyer and
generalizes them to problems of size n that can be modelled as binary chains.
The main aim of this paper is therefore to offer a theoretical model targeting
the foundation of the ACO paradigm, going beyond specific ACO algorithms,
and stimulating the development of new algorithms exploiting the impact of
control parameters on the long-term system behaviours.

In the following sections, we first present the type of problem representa-
tion that has been adopted, namely the binary chain. Section 3 describes the
ACO algorithm which is used as the base of our modelling. The algorithm
is extremely generic to ensure our analysis has a wide spectrum of applica-
tions. Section 4 introduces the theoretical model based on the representation
defined. We initially present a complete mathematical analysis of the simplest
case, a problem with 1 single node and we identify the changes of stability
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characterizing the system. The 1-node problem allows us to introduce the key
concepts easily taking advantage of graphical representations of the phase por-
trait. Section 5 extends the model to 2-node problems, allowing the reader to
understand how the model and its dynamics change as the number of nodes in-
creases. In section 6, we extend our argument to the general case with problems
of n nodes and in section 7 we discuss the insights derived by this analytical
model, its possible extensions and its limitations. Section 8 offers an analysis
on the convergence time based on this analytical model. The stability consid-
erations output of the analytical model together with the convergence time
analysis offer a complete picture of the system dynamics. Section 9 finally
draws our conclusions and describes the direction of future work.

2 Problem representation: Binary chain

This paper focuses its analysis on problems that can be represented as bi-
nary chains. Such a choice is necessary to confine the analysis to a particular
type of graph. A binary chain encodes a binary string and a binary string
is an equivalent encoding of a subset. Finite subset problems therefore can
be naturally described by the binary chain graph. The binary chain has been
adopted in a number of works facing binary problems. Specifically, Gutjahr
(2006, 2008) applied it to subset problems; other authors developed algorithms
for the knapsack problem based on this representation (Kong and Tian, 2005;
Fernandes et al., 2007; Wei et al., 2010). In general, the binary chain can be
applied to any problem that can be formalized as follows:

max f(X̄) (1)

where X̄ is a vector of xi ∈ {0, 1}, i = 1 . . . n, xi is a binary variable that
indicates the status of a specific decision. Equation (1) defines the objective
function that needs to be maximized. A graphical representation of the binary
chain is shown in figure 1. Each node is a binary variable; the two possible
variable states can be represented as distinct edges. In this way a generic node
i has only two possible incoming edges identified as i0 for xi = 0 or as i1 for
xi = 1. Each edge has an associated pheromone variable, identified respectively
by τi0 and τi1. Given such a graph, a solution of the optimization problem is
represented by a path connecting all the edges.
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Fig. 1 Representation of a binary chain.
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3 Ant Colony Optimization Algorithm

The algorithm at the base of our modelling is inspired by the SACO algorithm
(Dorigo and Stützle, 2001), one of the first ACO algorithms to be analysed
theoretically. As this papers main goal is to describe the long-term behaviours
of the ACO paradigm, the algorithm that is part of the foundation of most of
the modern ACO algorithms was selected; hence, the results of the analysis
are valid for a wide range of algorithms, while the mathematical model can
also be extended to more complex algorithms.

The algorithm chosen is composed of the following three main components:

1. Pheromone Initialization: The pheromone variables are initialized to
the value τinit and they are not bound to any range. The pheromone vari-
ables are associated to the edges.

2. Exploration Phase: One ant at a time explores the environment. At each
time-step, an ant moves from the node where it is located to a neighbour
node. A transition rule is used to define the probability that an ant chooses
to move to node i:

Pi =
fp(τi)

fp(τ0) + fp(τ1)
τ : pheromone variable (2)

where fp(τ) is a generic function with fp(τ) ≥ 0 ∀τ and τ0 and τ1 are as-
sociated to the edges considered for the next move, two edges in the binary
chain. Note that Pi is a probability and satisfies the relation P0 +P1 = 1.

3. Update Phase: Once the ant reaches the end of the environment, a global
pheromone update procedure takes place where the ant deposits on all the
edges of its path a pheromone amount ∆τ . This amount is given by the
evaluation of the objective function f(X̄) on the path performed by the
ant:

τi(t+ 1) =

{
(1− ρ)τi(t) +∆τ for the ant path
(1− ρ)τi(t) for the other edges

(3)

The pheromone on all the edges evaporates at the rate ρ ∈ (0, 1).

We are interested in understanding which types of long-term behaviours
characterize the system. A high number of possible pheromone distributions
can be expected and a solution of the optimization problem is one particular
case obtained when the system converges to one path. The uniform pheromone
distribution, when no paths are selected, in physics is called symmetry. The
key element of the ACO metaheuristic is the combination of the exploration
phase and the update phase. The update increases the probability of some
edges to be selected for further deposit. Thanks to perturbations and to this
autocatalytic pheromone process, the colony can converge to a specific path.
This is what we define as emergent behaviour, called in physics symmetry
breaking ; it is a decision taken by the entire ant colony and we are interested
in understanding under which conditions this happens.
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4 Analytical model for 1-node problem

As explained in the introduction, we prefer to present the analytical model
starting with a basic problem size of only 1 node. In this way, we can easily
show the key concepts of the system dynamics by taking advantage of graphical
representations of the phase portrait. Increasing the number of nodes expands
the system dimensionality, making any type of graphical representation ex-
tremely challenging and nonintuitive. The problem considered in this section
is shown in figure 2.

1

�
0

�
1

Fig. 2 Binary chain for the 1-node problem.

The global behaviour of the system can be described using the statistical no-
tion of ensemble, an idealization consisting of a large number of copies of the
system considered all at once, each of which represents a possible system state
(Reif, 1965). This assumption allows us to derive deterministic equations from
the transition rule (2) and the update rule (3) described above. The following
equation describes the system in these terms:

< τ̄(t+ 1) >= (1− ρ) < τ̄(t) > +∆τ
fp(τ̄(t))

fp(τ0(t)) + fp(τ1(t))
(4)

where τ̄ =

[
τ0
τ1

]
and t is the timestep. The symbol < τ̄(t) > indicates the

ensemble average of τ̄(t). Of note is that the deposit contribution, the last
term of eq. (4), is now described by a deterministic expression rather than
a probability function, the transition rule (2). Considering that only 1 ant
explores and updates the environment at the time, the timestep corresponds
directly to the number of ants used. Eq. (4) is equivalent to the associated
discrete deterministic process (ADDP) described by Gutjahr (2006), where
the deposit contribution is called expected passage fitness. From this equation
we can determine how τ̄ changes in time:

< τ̄(t+1) > − < τ̄(t) >= −ρ < τ̄(t) > +∆τ
fp(τ̄(t))

fp(τ0(t)) + fp(τ1(t))
(5)

To pass from a discrete representation to a continuous one, we can perform
a similar process as the one described in Gutjahr (2006) where it is derived
the so called associated continuous deterministic process (ACDP) as the limit
of the ADDP as the timestep between τ̄(t+1) and τ̄(t) → 0, describing the
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system in terms of differential equations. A full mathematical explanation can
be found in Gutjahr (2006). Our continuous model is therefore the following:

f :
dτ0
dt

= −ρ τ0 + c0 P0 with P0 =
fp(τ0)

fp(τ0)+fp(τ1)

g :
dτ1
dt

= −ρ τ1 + c1 P1 with P1 =
fp(τ1)

fp(τ0)+fp(τ1)

(6)

where each equation describes the changes in the pheromone variable of each
edge in time. The coefficients c0 and c1 represent the ∆τ associated with the
specific path, in the following we are referencing to them with the expression
pheromone update coefficients. It is worth pointing out that Gutjahr (2006,
2007) developed a similar ODE model to describe the behaviour of a basic
ACO algorithm in solving subset problems represented with 3 different type
of graphs, the binary chain being one of them. In a later work, Gutjahr (2008),
used the same model to perform a runtime analysis of two algorithms: Ant Sys-
tem (Dorigo et al., 1996) and GBAS (Gutjahr, 2000) applied to binary chains.
The model described in this paper is more generic than the one presented by
Gutjahr because of our transition rule (2). As shown in the following, our more
generic transition rule allows to put in evidence the influence of the parameter
α in the system stability. Moreover we do not perform any time re-scaling to
get rid of ρ.

It is worth pointing out that the ODE model presented here cannot describe
the phenomena due to the stochastic nature of the algorithm. The ensemble
hypothesis, used to derive eq. (4), considers the mean of the ensemble that
is valid for a high number of runs of a real algorithm. This is the main focus
of this paper; more details on the implications of this hypothesis and how to
interpret the results of this analysis can be found in section 7.

The analysis below faces directly the case of two paths evaluated by the
objective function of eq. (1) as different in terms of quality. The pheromone
updates ∆τ for the two edges are therefore different:{

c0 = c
c1 = k · c (7)

where k ∈ [0, 1] indicating c0 as the best path. The analytical model is therefore
the following: 

dτ0
dt

= −ρ τ0 + cP0

dτ1
dt

= −ρ τ1 + k cP1

(8)

where each equation describes how the pheromone variable of each edge changes
in time. Given the system (8), we are interested in finding the system equi-
librium points that represent the long-term behaviours of the system. At the
equilibrium points the derivative of τ0 and τ1 must be 0. This gives the fol-
lowing system of equations: {

ρ τ0 = cP0

ρ τ1 = k cP1
(9)
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Since P0 + P1 = 1 then

τ0 +
τ1
k

=
c

ρ
(10)

If we multiply the system (9) by the denominator of P, fp(τ0) + fp(τ1) then:{
fp(τ0) + fp(τ1) = c

ρ
fp(τ0)
τ0

fp(τ0) + fp(τ1) = c
ρ k

fp(τ1)
τ1

(11)

Hence:
fp(τ0)

τ0
= k

fp(τ1)

τ1
(12)

This last result is not valid if either τ0 = 0 or τ1 = 0. Since this corresponds
to all the pheromone being deposited on one path, which represent the required
emergent behaviour defined in section 3, we need to impose a condition on the
generic function fp(τ):

fp(0) = 0 (13)

From this condition, we obtain the following 2 solutions, which are equilibrium
points of the system:

S0 :

{
τ0 = c0

ρ

τ1 = 0
S1 :

{
τ0 = 0
τ1 = c1

ρ
(14)

A third equilibrium point can be obtained solving the system given by eq.
(10) and (12). It is worth to note that so far we have used a generic transition
function, eq. (2), showing that the number of equilibrium points, that is, long
term behaviours, does not depend on it. On the other side, as shown in the
following, the system stability is strongly affected. To explicitly calculate the
third equilibrium point, it is necessary to define this transition function fp(τ).
From now on we define it as follows:

fp(τ) = τα (15)

that is, the basic SACO transition rule. The parameter α can be defined as
the pheromone amplification parameter. We use this definition because it is
the most common in the literature and allows our analysis to be very generic
and easy to extend. Given this definition, eq. (12) can be rewritten as:

τ0 = kγ−1 τ1 where γ =
α

α− 1
(16)

This is the equation of a straight line through the origin that intersects the
line of eq. (10) in the following equilibrium point:

S2 :


τ0 =

c

ρ

(
kγ

1 + kγ

)
τ1 =

c

ρ

(
k

1 + kγ

) (17)
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This last solution is valid for α 6= 1; differently from S0 and S1, it depends
on α.

To understand the behaviour of the system at the equilibrium points, a
stability analysis is required. It is not possible to have information about the
stability of a nonlinear system in the whole space; however using a lineariza-
tion, we can obtain information regarding these equilibrium points. We can
see if perturbations around these points grow or decay. With this information,
we can construct the Jacobian matrix, which corresponds to the first term of
the Taylor expansion:

J =

 ∂f
∂τ0

∂f
∂τ1

∂g
∂τ0

∂g
∂τ1

 (18)

where f(τ0, τ1) and g(τ0, τ1) are the equations of the system (6).
The behaviour of the system at the different equilibrium points is deter-

mined by the eigenvalues of the Jacobian matrix at those points. Through
some calculations, it can be shown that the system eigenvalues are defined as:

λ =


−ρ

−ρ+ αP0 P1

(
c0
τ0

+
c1
τ1

)
⇒ −ρ+ c α

τα−10 τα1 + k τα0 τ
α−1
1

(τα0 + τα1 )2
(19)

It is important to note that the first eigenvalue is always negative as ρ ∈
[0, 1]. This means that it is stable. Differently, the second eigenvalue shows a
change in stability at α = 1. Specifically, for α > 1, the eigenvalues on the 3
equilibrium points respectively are:

λ0 =

[
−ρ
−ρ

]
λ1 =

[
−ρ
−ρ

]
λ2 =

[
−ρ

ρ(α− 1)

]
(20)

Solutions S0 and S1 both have negative eigenvalues, which means they are
stable, that is, they act as attractors. Solution S2, at the centre of the solution
space, has a positive second eigenvalue for α > 1, it is therefore an unstable
point, a saddle point. In the case of α < 1, the situation is inverted, the
positive eigenvalue of S2 becomes negative and is stable. For S0 and S1, it is
not possible to give a value to their eigenvalues because eq. (19) is not defined
(it tends to infinity) but we can see that it is positive, which means they
become unstable.

For α = 1, the system presents only the solutions S0 and S1. For these
points the eigenvalues are

λ0 =

[
−ρ

−ρ (1− k)

]
λ1 =

[
−ρ

−ρ (1− 1
k )

]
(21)

As k < 1, S1 is now unstable because the second eigenvalue is positive while
S0 is stable because both the eigenvalues are negative. It is worth pointing out
that the stable one is the best solution.

Figure 3 is a bifurcation graph. A bifurcation is defined as a change in
stability or position of the equilibrium points through the variations of some
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parameters, in this case α. This diagram shows only the dimension τ0 as the
behaviour for τ1 is analogous. The continuous line indicates stability while the
dashed line indicates instability. The transition happens at α = 1. Note that

Fig. 3 Bifurcation graph for the generic scenario varying α.

the solution S2 changes as α varies, it converges to S0 at α = 1 while soon
after the transition, it departs from S1.

It is possible to extract further information regarding the dynamics on the
solution space calculating the eigenvectors for each of the solutions. For S0

and S1, we get a special case, a star node, where every vector is an eigenvector
with the eigenvalue −ρ. Differently, for the solution S2 the eigenvectors are
the following:

V̄a =

[
1

k1−γ

]
for λ = −ρ, V̄b =

[
1
−k

]
for λ = ρ (α− 1) (22)

V̄b is the unstable manifold depending on α, and indeed it corresponds to eq.
(10) which graphically can be seen as the line connecting the points S0 and
S1. V̄a instead is the stable manifold and corresponds to the line represented
by eq. (16).

Figure 4 shows the phase portrait, a representation of the solution space
containing information on the trajectory dynamics. It shows the stability be-
haviour of the equilibrium points, as well as the relative eigenvectors. The
shaded circles are stable equilibrium points while the white ones are unsta-
ble equilibrium points. On the left it represents the solution space as α goes
from 0 to 1 where the point S2 converges on S0. The central picture shows
the solution space for α = 1 with the equilibrium points S0 and S1. All the
trajectories go to S0 because it is the only attractor. The image on the right
represents the solution space as α increases from 1 to∞ where point S2 moves
from S1 to the point [ k c

p(k+1) ,
k c

p(k+1) ]. The figure also shows a trapping region,

a square that has S0 and S1 as its corners. Any trajectory starting from inside
this region cannot leave it. This means that the pheromone variable is bound
to the interval [0, cρ ]. This analysis is in agreement with the update rule, eq.

(3). Considered as a mathematical series, this expression, when no pheromone
is deposited converges to 0, or alternatively to c

ρ if pheromones are deposited.
It is interesting to note that in all the three cases the system favours the best
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α < 1
τ1

τ0

S0

S1

S2

0

kc/2ρ

kc/ρ

c/ρ

τ1τ1

τ0

S0

S1

S0

S1

S2

τ0
c/2ρ c/ρ 00 c/ρ

kc/ρ

α = 1 α > 1

α →
 1

α →
 ∞

kc/ρ

Fig. 4 Phase portrait for the generic 1-node problem, varying α.

solution, S0. For α < 1 the only attractor S2 converges to S0. For α = 1,
S0 is the only attractor. For α > 1 the basin of attraction - the area of the
phase space from where any trajectory eventually ends on the attractor - of
S0 is always bigger than that of S1. Without making any assumptions on the
initial conditions, this translates to a higher probability of selecting S0. This
analysis gives an explanation in terms of dynamics of how the ACO algorithm
considered is able to find the best solution. Moreover, it gives new insights con-
cerning the risk of premature convergence. For α > 1 the sub-optimal solution
S1 is stable and its basin of attraction increases with α. Precisely, the ratio
between the area of this basin of attraction and the entire trapping region of
the phase space is given by the following relation:

A1

Atot
=

kγ k c2

2 ρ2

k c2

ρ2

=
kγ

2
(23)

This means that the probability of premature convergence, in this case con-
vergence to S1, follows the same trend of eq. (16) which defines the position
of S2:

P (S1) ∝ kγ = k · kγ−1 ∝ kγ−1 (24)

Here we are assuming a direct link between the area of a region of the phase
space and the probability of convergence in such a region. This is true con-
sidering uniform initial conditions on the entire phase space. We think that
this is a correct assumption for ACO algorithms because even if in this case
the initial conditions are generally known, due to the stochastic nature of the
algorithm a specific initial condition does not determine a deterministic dy-
namics. Moreover the ACO initial conditions normally used are close to the
origin of the phase space, a region shared by all the basins of attraction in
proportion to their total size.
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4.1 Symmetric system

An interesting case to analyse is when the amount of pheromone deposited is
equal on both the edges, which identifies the equivalence of the two paths. We
call this the symmetric case. In this case k = 1 and the system can be written
as: 

dτ0
dt

= −ρ τ0 + cP0

dτ1
dt

= −ρ τ1 + cP1

(25)

The system (25), at the equilibrium, presents the following solutions:

S0 =

[ c
ρ

0

]
S1 =

[
0
c
ρ

]
S2 =

[ c
2 ρ
c
2 ρ

]
(26)

Note that S0 is the same as the previous scenario while S1 is bound to c
ρ . This

reflects the higher pheromone update coefficient associated with τ1. Interest-
ingly S2 now does not depend on α and it is positioned in the centre of the
phase space.

Concerning stability, for α > 1 and α < 1 the 3 points present the same
eigenvalues as in the previous scenario. For α = 1 instead the system degen-
erates to the equation:

c = ρ(τ0 + τ1) (27)

that is, the unstable manifold, the line connecting the point S0 and S1. The
eigenvalues along this line are:

λ =

[
−ρ
0

]
(28)

The eigenvalue 0 indicates a system that is neutrally stable at these points.
Figure 5 shows the phase portrait for the symmetric case. Analogous to the
previous case, we present the phase space in the main situations: α < 1, α = 1
and α > 1. Of note is the phase space for α = 1 where the system is neutrally
stable on the line described be eq. (27).

At this point, it is possible to translate the analytical solutions to real
global behaviours. Solution S2 shows values for the pheromone variables of
the edges that depend on the ratio of their qualities, k. It represents what we
called symmetry in section 3. The solutions S0 and S1 are at the extremes of
the solution space. One of the edges has the maximum value for the pheromone
variable while the other has the minimum. This translates to the decision x = 0
for S0 and to x = 1 for S1. They represent the emergent behaviour defined in
section 3.

The analysis presented shows a remarkable phenomenon: the parameter α
strongly affects the capability of the algorithm to converge to a path, specif-
ically at the transition α = 1. This phenomenon has been briefly described
by Meyer (2004, 2008), studying the behaviour of the ACO algorithms on the
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Fig. 5 Phase portrait for the symmetric system of the 1-node problem.

TSP problem. However, the author has not presented a formal demonstration
of these results and has not been able to generalize them to problems of bigger
size because he noticed that increasing the size of the network, the bifurca-
tion point was not happening always at α = 1. The following sections extend
this analysis first to 2-node problems and then to n-node problems. We show
that, thanks to the binary chain representation, the previous analysis can be
generalized and, in particular, that the bifurcation point is constant at α = 1.

5 Analytical model for the 2-node problem

To help the reader to understand how the system dynamics is affected by the
problem dimension, this section considers a 2-node problem, shown in figure 6.
Similarly to section 4, for the 1-node problem, here we aim at identifying the
equilibrium points of the 2-node system. For the sake of brevity, the stability
of the system is not going to be addressed in this section. Sections 6 is going
to present directly the stability for the generalized n-node problem.

A B

�
A0

�
A1

�
B0

�
B1

Fig. 6 Binary chain for the 2-node problem.



14 Claudio Iacopino, Phil Palmer

The analytical model for the 2-node system is formed by 4 equations, two
for each node of the graph:

dτA0

dt
= −ρ τA0 + c00 PA0 PB0 + c01 PA0 PB1

dτA1

dt
= −ρ τA1 + c10 PA1 PB0 + c11 PA1 PB1

dτB0

dt
= −ρ τB0 + c00 PA0 PB0 + c10 PA1 PB0

dτB1

dt
= −ρ τB1 + c01 PA0 PB1 + c11 PA1 PB1

(29)

Note that the transition probability terms are influenced by both the nodes.
The indexes of the pheromone update coefficients indicate their corresponding
paths, for example, c00 is the deposit for the path formed by the edge 0 of the
node A and by the edge 0 of the node B.

At the equilibrium, the system can be rewritten as:

ρ τA0 = PA0 (c00 PB0 + c01 PB1)

ρ τA1 = PA1 (c10 PB0 + c11 PB1)

ρ τB0 = PB0 (c00 PA0 + c10 PA1)

ρ τB1 = PB1 (c01 PA0 + c11 PA1)

(30)

Since PA0 + PA1 = 1 and PB0 + PB1 = 1 then:
ρ

(
τA0

c00 PB0 + c01 PB1
+

τA1

c10 PB0 + c11 PB1

)
= 1

ρ

(
τB0

c00 PA0 + c10 PA1
+

τB1

c01 PA0 + c11 PA1

)
= 1

(31)

Starting from the first 2 equations of the system (30), relative to the node

A, since PA0 =
ταA0

ταA0+τ
α
A1

then:ρ (ταA0 + ταA1) = τα−1A0 (c00 PB0 + c01 PB1)

ρ (ταA0 + ταA1) = τα−1A1 (c10 PB0 + c11 PB1)
(32)

Subtracting each other, we obtain:

τA0 = τA1m
γ−1
A Let mA =

c10 PB0 + c11 PB1

c00 PB0 + c01 PB1
, γ =

α

α− 1
(33)

This is a straight line through the origin in the (τA0, τA1) plane. Substi-
tuting the definition of mA in eq. (31), we obtain:

τA0

c00 PB0 + c01 PB1
+

τA1

mA (c00 PB0 + c01 PB1)
=

1

ρ
(34)



The dynamics of Ant Colony Optimization algorithms applied to binary chains 15

τA0 =
c00 PB0 + c01 PB1

ρ
− 1

mA
τA1 (35)

This is a straight line of slope − 1
mA

in the (τA0, τA1) plane and it is valid
when both the τ 6= 0. The intersection of these two lines is a unique point in
this plane, but it depends on its location in the (τB0, τB1) plane through PB0

and PB1.

Similarly, for the node B:


τB0 =

c00 PA0 + c10 PA1

ρ
− 1

mB
τB1

τB0 = τB1m
γ−1
B Let mB =

c01 PA0 + c11 PA1

c00 PA0 + c10 PA1

(36)

Imposing one of the τ = 0 for each couple of equations gives directly 4
equilibrium points, one for each combination:

S00 :



τA0 = c00
ρ

τA1 = 0

τB0 = c00
ρ

τB1 = 0

S01 :



τA0 = c01
ρ

τA1 = 0

τB0 = 0

τB1 = c01
ρ

S10 :



τA0 = 0

τA1 = c10
ρ

τB0 = c10
ρ

τB1 = 0

S11 :



τA0 = 0

τA1 = c11
ρ

τB0 = 0

τB1 = c11
ρ

(37)
These solutions share the same characteristics of the points S0 and S1, pre-
sented in section 4. They lie on the corners of the phase space.

If we impose one τ = 0 for only one couple of equations, the other couple
of equations can be simplified; e.g., for τA0 = 0, the system can be rewritten
as: 

dτB0

dt
= −ρ τB0 + c10 PB0

dτB1

dt
= −ρ τB1 + c11 PB1

(38)

This system is the same as the model for the 1-node problem, eq. (8) which has
an equilibrium point lying on the side connecting two of the vertices solutions
presented above, eq. (37); in this case it lies on the side between S11 and S10.
This point behaves as the point S2 shown in section 4. Imposing the condition
τ = 0 alternatively for all the τ gives the following 4 equilibrium points:
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S20 :



τA0 =
c00
ρ

( c10c00 )γ

1 + ( c10c00 )γ

τA1 =
c00
ρ

( c10c00 )

1 + ( c10c00 )γ

τB0 =
c00
ρ

( c10c00 ) + ( c10c00 )γ

1 + ( c10c00 )γ

τB1 = 0

S21 :



τA0 =
c01
ρ

( c11c01 )γ

1 + ( c11c01 )γ

τA1 =
c01
ρ

( c11c01 )

1 + ( c11c01 )γ

τB0 = 0

τB1 =
c01
ρ

( c11c01 ) + ( c11c01 )γ

1 + ( c11c01 )γ

(39)

S02 :



τA0 =
c00
ρ

( c01c00 ) + ( c01c00 )γ

1 + ( c01c00 )γ

τA1 = 0

τB0 =
c00
ρ

( c01c00 )γ

1 + ( c01c00 )γ

τB1 =
c00
ρ

( c01c00 )

1 + ( c01c00 )γ

S12 :



τA0 = 0

τA1 =
c10
ρ

( c11c10 ) + ( c11c10 )γ

1 + ( c11c10 )γ

τB0 =
c10
ρ

( c11c10 )γ

1 + ( c11c10 )γ

τB1 =
c10
ρ

( c11c10 )

1 + ( c11c10 )γ

(40)

Finally, imposing that all the τ 6= 0, we are interested in finding the point
given by the interceptions of the four lines described by equations (35) and
(36):

c00 PB0 + c01 PB1 =
c00 τ

α
B0 + c01 τ

α
B1

ταB0 + ταB1

(41)

Given τB0 = τB1m
γ−1
B from eq. (36), the previous relation can be rewritten

as:

c00 PB0 + c01 PB1 =
c01 + c00m

γ
B

1 +mγ
B

(42)

substituting this last relation and eq. (33) in eq. (35), we obtain:

τA0 =
c01 + c00m

γ
B

ρ

mγ
A

(1 +mγ
B) (1 +mγ

A)
(43)

Similarly for τB0:

τB0 =
c10 + c00m

γ
A

ρ

mγ
B

(1 +mγ
B) (1 +mγ

A)
(44)
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Once the slopes mA and mB are determined, we can determine a unique
location for the equilibrium point given by the interception of these lines. This
point behaves as the point S2 shown in section 4 and the same is valid for the
points shown in the (39) and (40).

Concluding, figure 7 shows the phase portrait for a 2-node problem. The
shaded circles are stable equilibrium points while the white ones are unsta-
ble equilibrium points. This is a useful representation to understand how the
system extends as the number of nodes increase. In this case the ODE sys-
tem is formed by 4 equations describing the dynamics of the 4 dimensions
(τA0, τA1, τB0, τB1). This means there are now 9 equilibrium points and they
can be projected on a single plane, which is easily represented on a 2-D im-
age. The equilibrium points are represented by Sij where i indicates the edge
Ai while j the edge Bj. In this way, we have a compact representation indi-
cating the path related to a specific solution. For the sake of clarity, in this
representation the phase space is a square. This simplification occurs when all
the pheromone update coefficients are equal. When this is not the case, the
phase space is subject to a deformation but all the properties shown here are
conserved.

α < 1τB0

τA0S01

S10

S22

S11

S00S21

S02S12

S20

α > 1τB0

τA0S01

S10

S22

S11

S00S21

S02S12

S20

Fig. 7 Phase portrait for a 2-node system, varying α.

Concerning the point at the centre of the plane, it is worth to consider the
relation between mA and mB . From eq. (36), given the eq. τB0 = τB1m

γ−1
B ,

mA can be rewritten as:

mA =
c10 τ

α
B0 + c11 τ

α
B1

c00 ταB0 + c01 ταB1

=
c10m

γ
B + c11

c00m
γ
B + c01

(45)

that can be written also as:

mγ
B =

c11 − c01mA

c00mA + c10
(46)
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Similarly starting from mB :

mB =
c01m

γ
A + c11

c00m
γ
A + c10

(47)

that can be written also as:

mγ
A =

c11 − c10mB

c00mB + c01
(48)

Equations (46) and (48) tell us that for a given mB there is a unique mA

and viceversa. Hence, there is a unique solution to these equations for the
equilibrium. Moreover, plotting these equations clearly shows that mA and
mB can assume only values in the following range:

mA ∈
[
c10
c00

,
c11
c01

]
mB ∈

[
c01
c00

,
c11
c10

]
(49)

if c10
c00

< c11
c01

and c01
c00

< c11
c10

otherwise viceversa. c10
c00

is the ratio of the deposit
on the node A given the edge B0, while c11

c01
is the ratio of the deposit on the

node A given the edge B1. Similarly for the ratio regarding mB .

To find the solution for the point at the centre of the plane, it is necessary
to solve iteratively equations (46) and (48). Once found, substituting back
gives the location of the equilibrium point.

5.1 Analytical model for the 2-node problem with fixed ratio

The generic solution seen in section 5 suggests that an important simplification
occurs if the ratio of the deposits for each node is independent of the other
nodes. This can be obtained imposing the following fixed ratio conditions:

c10
c00

=
c11
c01

= kA
c01
c00

=
c11
c10

= kB (50)

where kA is the ratio of the deposit on the node A and kB is the ratio of the
deposit on node B. This condition means that now kA does not depend on node
B and viceversa kB does not depend on node A. This is a strong hypothesis on
the structure of the pheromone update coefficients that has an impact on the
design of the objective function defining such coefficients. On the other side,
it has a physical meaning which justifies its application. This condition forces
a generic node to have the ratio of pheromone update coefficients of its edges
always constant, independently of the decisions on the other nodes. This ratio
therefore can be considered an intrinsic property of that node.

The aim of this section is to explore the analytical implications of such a
condition. In this case, the system (29) can be rewritten as:
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dτA0

dt
= −ρ τA0 + cPA0 (PB0 + kB PB1)

dτA1

dt
= −ρ τA1 + c kA PA1 (PB0 + kB PB1)

dτB0

dt
= −ρ τB0 + cPB0 (PA0 + kA PA1)

dτB1

dt
= −ρ τB1 + c kB PB1 (PA0 + kA PA1)

(51)

where c = c00 .
In this case, the intervals for mA and mB collapse to one point:

mA = kA mB = kB (52)

This means that these slopes are constant and we can express a unique so-
lution for the equilibrium point given by the intersections of the equations
described above. The same result of eq. (52) can be obtained repeating the
same procedure seen in section 5 starting from the system (30) and deriving
all the equations that describe the lines to be intersected; this time using the
fixed ratio conditions defined in eq. (50). In both the cases, it is possible to
derive the following equations for node A:

τA0 = τA1 k
γ−1
A

τA0 =
c00
ρ

kB + kγB
1 + kγB

− τA1

kA

(53)

as well as for node B: 
τB0 = τB1 k

γ−1
B

τB0 =
c00
ρ

kA + kγA
1 + kγA

− τB1

kB

(54)

Solving these equations gives the position of the equilibrium point:


τA0 =

c00
ρ

(
kγA

1 + kγA

)(
kB + kγB
1 + kγB

)
τB0 =

c00
ρ

(
kγB

1 + kγB

)(
kA + kγA
1 + kγA

)
τA1 =

c00
ρ

(
kA

1 + kγA

)(
kB + kγB
1 + kγB

)
τB1 =

c00
ρ

(
kB

1 + kγB

)(
kA + kγA
1 + kγA

)
(55)

As seen here, the fixed ratio conditions imposed on the pheromone update
coefficients allow to derive an analytical expression for the equilibrium point in
the centre of the plane. Furthermore, these conditions allow important simpli-
fications in the calculation of the eigenvalues of the Jacobian matrix, necessary
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to verify the stability of the equilibrium points. Section 6.3 presents a com-
plete stability analysis for the generalized n-node problem with the fixed ratio
condition on the pheromone update coefficients.

6 Analytical model generalized to the n-node problem

This section presents the extension of the model introduced in section 4 to
problems with n nodes. First, subsection 6.1 shows the simplified symmetric
model to give an overview of the number and type of equilibrium points given
by the n-node problem. Subsection 6.2 handles the generic case; however, it
is not possible to analytically derive all the solutions which are presented for
the 1-node problem. In subsection 6.3 particular attention is given to the fixed
ratio condition on the pheromone update coefficients seen in the subsection 5.1.
Such a condition allows to analytically derive all the solutions of the n-node
problem, offering a complete analytical description.

Extending the model to examine binary chains of size n, figure 1, results in
the addition of two equations for each new node; one describing the pheromone
dynamics at the edges connecting the new node, while the second extends the
update pheromone term to include this new possibility. The pheromone update
terms are influenced by all the nodes of the chain because we are considering
a global update procedure (see eq. 3). The ODE system is therefore formed
by n pairs of equations; for the generic node i this pair is defined as:

Pair i :


dτi0
dt

= −ρ τi0 +Di0
dτi1
dt

= −ρ τi1 +Di1
(56)

where Dil describes the amount of pheromone deposited. The structure of this
term is rather complex; considering the equation for τi0, Di0 can be expressed
as:

Di0 =
∑
r∈Ri0

cri0 Sri0 Sri0 = Pi0
∏

k∈H,k 6=i0,i1

Pk (57)

where Ri0 is the finite countable set of all the possible solution paths containing
the edge i0. The size of this set is 2n−1, cri0 is the pheromone update coefficient
for a specific path r, and Sri0 indicates the transition probability for such a
path. H is the finite countable set of all the possible edges forming a path, its
size is 2n, and Pi0 is the generic transition probability:

Pi0 =
ταi0

ταi0 + ταi1
(58)

We start with analysing the simplified model in which all the pheromone
update coefficients are the same, that is, the symmetric system.
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6.1 Symmetric system

In this scenario we indicate the pheromone update coefficients with c. The
system can be written as n pairs of equations:

Pair i :


dτi0
dt

= −ρ τi0 + c
∑
r∈Ri0

Sri0

dτi1
dt

= −ρ τi1 + c
∑
r∈Ri1

Sri1
with cr = c ∀r (59)

The term
∑
r∈Ri0

Sri0 reduces now to the sum of the products of the probabilities.

Considering that Pi0 + Pi1 = 1 for any node i, it can be simplified to:∑
r∈Ri0

Sri0 = Pi0
n∏

j=1,j 6=i

(Pj0 + Pj1) = Pi0 (60)

that gives the following system:

Pair i :


dτi0
dt

= −ρ τi0 + cPi0
dτi1
dt

= −ρ τi1 + cPi1
(61)

This is exactly the same system described in section 4.1 for the 1-node problem.
This means that each pair of variables τi0 and τi1 are independent of the other
variables. All the dynamics described in the previous section are therefore
valid; however they need to be pictured on a 2n-dimensional space. For the
1-node problem, as shown in figure 5, the solution space is in 2 dimensions but
all the equilibrium points lie on the same line, the unstable manifold; they can
be represented therefore with 1 dimension. Similarly, in the 2-node problem
the equilibrium points lie on a plane (see section 5). In the n-node problem
all the equilibrium points are part of a n-cube inside a 2n-dimensional space.
These equilibrium points can be grouped in the following 2 categories:

1. 2n vertices of the n-cube
2. 3n − 2n mid points

The points of the first category share the characteristics of S0 and S1 of the
1-node problem. They represent paths in the chains, possible solutions to the
optimization problem. Similarly, their behaviour is influenced by the parameter
α; they are stable points for α > 1 while they are unstable points for α <
1. These equilibrium points correspond to the solutions of the hyper-cube
framework (Blum and Dorigo, 2004), as they lie on the vertices of the solution
space, represented by the hyper-cube. However, the hypercube framework does
not consider the second categories of equilibrium points, the mid points, which
play a key role in the system dynamics even though they do not correspond to
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a specific path. This second category of points share the same characteristic of
the point S2 of the 1-node problem. For α > 1, they are saddle points which
means they are stable along some directions but unstable along others, while
they are stable points for α < 1. It is interesting to note that in the symmetric
system they are fixed points.

6.2 Generic system

When relating the differences between both the simplification of the symmetric
system and the generic system for the 1-node problem to the n-node problem,
a deformation of the n-cube containing all the equilibrium points is expected.
Such a deformation depends only on the pheromone update coefficients, which
influence the position of the vertices of the n-cube. Moreover, we expect the
same quantity and type of equilibrium points but for the position of the mid
points to be influenced by the parameter α.

The symmetric system showed to be extremely simple from a mathematical
point of view. However, in the generic system the deposit term cannot be
simplified as previously; only the transition probability can be extracted from
it:

Pair i :


dτi0
dt

= −ρ τi0 + Pi0 Ci0
dτi1
dt

= −ρ τi1 + Pi1 Ci1
with Dil = Pil Cil, l ∈ {0, 1} (62)

where:

Ci0 =
∑
r∈Ri0

cri0
∏

k∈H,k 6=i0,i1

Pk (63)

The term Ci0 indicates the series of pheromone contributions from all the
possible paths containing the edge i0. Ri0 is the finite countable set of all the
possible solution paths containing the edge i0, cri0 is the pheromone update
coefficient for a specific path r, while H is the finite countable set of all the
possible edges forming a path. The term Ci0 does not depend on τi0 and τi1
but cannot be further simplified and, to the best of our knowledge, the generic
ODE system cannot be reduced to the 1-node ODE system, as shown for
the symmetric system. In this section therefore we restrict our mathematical
analysis to demonstrate only the key elements of the model.

The first thing to derive is the equation defining the hypercube containing
all the equilibrium points. For the 1-node system, equation (10) describes
the line on which the equilibrium points lie. Similarly for the n-node system,
considering the general ODE system (56) at the equilibrium, we can add the
two equations of each pair, obtaining:

− ρ τi0 − ρ τi1 +Di0 +Di1 = 0 (64)
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The quantity Di0+Di1 encapsulates the pheromone updates of all the possible
paths, because each of these two members contains half of the pheromone
updates of all the possible paths:

Di0 +Di1 =
∑
r∈Ri0

cri0 Sri0 +
∑
r∈Ri1

cri1 Sri1 =
∑
r∈R

cr Sr (65)

where R is a finite countable set of all the possible solution paths, the size of
this set is 2n. This sum is therefore constant for a specific problem and equal
for each pair of equations; we identify it with D. Hence:

τ00 + τ01 = τ10 + τ11 = . . . = τn0 + τn1 =
D
ρ

(66)

Concerning the equilibrium points, the points of the first category defined in
section 6.1, that is, the vertices of the n-cube, can be defined as follows:

Definition 1 A vertex vr is a point having one of the pheromone variables
of each pair equal to 0 while the other all equal to the same value, cr. Each
vertex is therefore associated to a specific solution path r, for example:

Node0 :

{
τ00 = cr

ρ

τ01 = 0
. . . Noden :

{
τn0 = cr

ρ

τn1 = 0
(67)

where cr is the pheromone update coefficient for the path r corresponding to
this vertex, formed by the edge 00, n0 and so on. It is worth pointing out that
no point can have both the pheromone variables of the same pair equal to 0
because the system is not defined at those points.

Given this definition, we can state the following theorem:

Theorem 1 All the vertices of the n-cube, that is, all the solution paths, are
equilibrium points of the general n-node ODE system.

Proof For any vertex vr, given any pair of pheromone variable, one of these
variables is 0. This allows the simplification of the transition probability; for
example, for the node n:

Noden :

{
τn0 = cr

ρ

τn1 = 0
⇒
{
Pn0 = 1
Pn1 = 0

(68)

Viceversa, if τn0 = 0 then Pn0 = 0 and Pn1 = 1. Consequently, the deposit
term can be simplified as well. The n-node ODE system for the pheromone
variable pair n can be rewritten as:

dτn0
dt

= −ρ τn0 + cr

dτn1
dt

= −ρ τn1
(69)

where cr is what is left of Cn0. Each term of Cn0, eq. (63), is the product of
the pheromone update and the transition probabilities associated to a specific
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path. All those terms cancel out except one path, which represents the ver-
tex considered. cr is therefore the pheromone update associated to this path
r. Substituting the value of the pheromone variables in the systems at the
equilibrium gives the tautology 0 = 0. This proves the theorem, qed.

Regarding the equilibrium points defined in section 6.1 as mid points, we
could group them into categories depending on their geometry on the n-cube.
The first category of mid points to consider are the ones lying on the sides
connecting the vertices. Given two vertices sharing the same side, E0 and E1,
those equilibrium points will represent paths that differ only in one edge, n:

E0, Noden :

{
τn0 = cE0

ρ

τn1 = 0
E1, Noden :

{
τn0 = 0

τn1 = cE1

ρ

(70)

It is possible to find the position of the mid point between them repeating the
same procedure shown in the proof of theorem 1 but without imposing any
conditions on the variables τn0 and τn1. For those pheromone variables the
general ODE system can be rewritten as:

dτn0
dt

= −ρ τn0 + cE0 Pn0
dτn1
dt

= −ρ τn1 + cE1 Pn1
(71)

This system is equivalent to the generic 1-node system (see eq. 8) where cE0

and cE1 are the pheromone update coefficients. It can be easily shown that
this system produces 3 solutions: the 2 vertices and a mid point:

E0 :

{
τn0 = cE0

ρ

τn1 = 0
E1 :

{
τn0 = 0

τn1 = cE1

ρ

E2 :

{
τn0 = cE0

ρ (
kγn

1+kγn
)

τn1 = cE0

ρ ( kn
1+kγn

)

(72)

where kn = cE1

cE0
. The same process can be repeated for all the sides of the

n-cube giving n 2n−1 mid points lying on the sides. However, this is only one
category of mid points. The second category is identified by the mid points
lying on the planes of the n-cube. The same procedure used on the mid points
lying on the sides can be repeated, while considering the four vertices sharing
the same plane; their relative paths will differ in two edges. These mid points

are n (n−1)
2 2n−2. The same idea can be iterated for the mid points lying on

surfaces defined by three variable pairs, 3-cubes of the n-cube and so on. The
number of mid points for each category is given by the following equation:

n∑
r=1

2n−r
(
n
r

)
(73)

where r is the space dimension of the surface where the mid point lies, e.g.,
for the mid point on the sides r = 1, for the ones on the planes r = 2 and so
on. For a generic mid point we can state the following theorem:
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Theorem 2 Given a generic mid point and the surface s where it lies, the
coordinates of this mid point along any pheromone variable pair i defining the
surface s are given by the following equations:

Pair i :

 τi0 = Ci0
ρ

(
mγi

1+mγi

)
τi1 = Ci0

ρ

(
mi

1+mγi

) mi =
Ci1
Ci0

γ =
α

α− 1
(74)

Proof Given the system of eq. (62), each pair of equations i, at the equilibrium,
can be rewritten as:

Pair i :


ρ =
Pi0
τi0
Ci0

ρ =
Pi1
τi1
Ci1

(75)

that gives the following equation:

τα−1i0

ταi0 + ταi1
Ci0 =

τα−1i1

ταi0 + ταi1
Ci1 (76)

Simplifying the denominators, we can obtain τi0 as a function of τi1, as shown
by the theorem (2):

τi0 = τi1m
γ−1
i mi =

Ci1
Ci0

γ =
α

α− 1
(77)

The second relation can be obtained with the following procedure: given the
system (62), each pair of equation i, at the equilibrium, can be rewritten as:

Pair i :


ρ
τi0
Ci0

= Pi0

ρ
τi1
Ci1

= Pi1
(78)

that gives the following equation:

ρ

(
τi0
Ci0

+
τi1
Ci1

)
= 1 (79)

as Pi0 + Pi1 = 1. Dividing everything by ρ and multiplying by Ci0, we can
rewrite this equation as:

τi0 +
τi1
mi

=
Ci0
ρ

(80)

substituting τi0 with eq. (77) gives the value for τi1, as shown by the theorem
(2), qed.
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The terms Ci1 and Ci0 depend only on the other variables of the system. The
system can therefore be simplified and the process can be repeated. However, it
is not possible to derive a direct equation for any type of mid points dependent
only on the pheromone update coefficients without any assumptions on those
coefficients. Nevertheless, the equations (74) show the key element of the mid
points: the influence of α on their position. As α→ 1, if k > 1 the mid point
moves toward the vertex with τi0 = 0 whereas if k < 1 the mid point moves
toward the vertex with τi1 = 0. This trend is the root of the phenomenon of
premature convergence as it determines the size of the basins of attraction of
the vertices, eq. (23).

The last concept to generalise is the stability of the equilibrium points.
The behaviour of the system at its equilibrium points is determined by the
eigenvalues of its Jacobian matrix at those points. The Jacobian matrix is now
a 2n x 2n matrix:

J =



∂f10
∂τ10

∂f10
∂τ11

. . . ∂f10∂τn0

∂f10
∂τn1

∂f11
∂τ10

∂f11
∂τ11

. . . ∂f11∂τn0

∂f11
∂τn1

...
...

. . .
...

...

∂fn0

∂τ10

∂fn0

∂τ11
. . . ∂fn0

∂τn0

∂fn0

∂τn1

∂fn1

∂τ10

∂fn1

∂τ11
. . . ∂fn1

∂τn0

∂fn1

∂τn1


(81)

where fil is the equation dτil
dt of the system (62). These partial derivative

terms show a particular structure; four types of terms can be identified for the
generic node i:

– ∂fi0
∂τi0

, the equation dτi0
dt is differentiated with respect to τi0 In this case, as

the term Ci0 does not depend on τi0, it can be shown that:

∂fi0
∂τi0

= −ρ+ α
Pi0 Pi1
τi0

Ci0 (82)

∂Pi0
∂τi0

= Pi0
τi0

(1− Pi0) where (1− Pi0) = Pi1.

– ∂fi0
∂τi1

, the equation dτi0
dt is differentiated with respect to τi1, the pheromone

variable of the other edge of the same pair. Analogous to the previous case:

∂fi0
∂τi1

= −α Pi0 Pi1
τi1

Ci0 (83)

It is clear that ∂fi1
∂τi0

is going to be the mirror of this result, with τi0 as
denominator and Ci1 instead than Ci0

– ∂fi0
∂τj0

, the equation dτi0
dt is differentiated with respect to a generic τj0 with

j 6= i. The main difference in this case is due to the term Ci0 that depends
on τj0.

∂fi0
∂τj0

= αPi0
Pj0 Pj1
τj0

(Ci0,j0 − Ci0,j1) (84)
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where Ci0,j0 identifies the contribution of all the paths containing the edges
i0 and j0.

– ∂fi0
∂τj1

, the equation dτi0
dt is differentiated with respect to a generic τj1 with

j 6= i. Analogous to the previous case:

∂fi0
∂τj1

= −αPi0
Pj0 Pj1
τj1

(Ci0,j0 − Ci0,j1) (85)

In the following, we are going to analyse the value of these terms at the
equilibrium points.

Theorem 3 All the vertices of the n-cube, that is, all the solution paths, are
stable points for α > 1

Proof Given a generic vertex vr, defined as follows:

Node0 :

{
τ00 = cr

ρ

τ01 = 0
. . . Noden :

{
τn0 = cr

ρ

τn1 = 0
(86)

where cr indicates the pheromone update coefficient for the generic path r.
For α > 1 the partial derivative terms presented previously can be simpli-

fied and the Jacobian matrix at any vertex can be written as:

J =



−ρ 0 . . . 0 0

0 −ρ . . . 0 0
...

...
. . .

...
...

0 0 . . . −ρ 0

0 0 . . . 0 −ρ


(87)

which easily gives all the eigenvalues:

λ =



−ρ

−ρ
...

−ρ

−ρ


(88)

This vector of eigenvalues confirms that the generic vertex considered is a
stable point for α > 1. Moreover, it is clear that the same result can be
obtained starting from any vertex of the n-cube, as this proof is not dependent
on the specific pheromone update coefficient, e.g. c0..0. qed.
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Theorem 4 For α = 1 the system is driven towards a local optimum solution.

Proof For α = 1, the Jacobian matrix at this vertex can be simplified. Such
a matrix is a 2n x 2n matrix, a pair of columns and a pair of rows for each
node. As seen above, its terms, the partial derivatives, present a structure that
allows us to write them in a concise form. Substituting α = 1 in the equations
(82)-(85), for each node we have:

Edge i0 :



∂fi0
∂τi0

= −ρ+ τi1
(τi0+τi1)2

Ci0
∂fi0
∂τi1

= − τi0
(τi0+τi1)2

Ci0
∂fi0
∂τj0

= τi0
(τi0+τi1)

τj1
(τj0+τj1)2

(Ci0,j0 − Ci0,j1)

∂fi0
∂τj1

= − τi0
(τi0+τi1)

τj0
(τj0+τj1)2

(Ci0,j0 − Ci0,j1)

(89)

Edge i1 :



∂fi1
∂τi0

= − τi1
(τi0+τi1)2

Ci1
∂fi1
∂τi1

= −ρ+ τi0
(τi0+τi1)2

Ci1
∂fi1
∂τj0

= τi1
(τi0+τi1)

τj1
(τj0+τj1)2

(Ci1,j0 − Ci1,j1)

∂fi1
∂τj1

= − τi1
(τi0+τi1)

τj0
(τj0+τj1)2

(Ci1,j0 − Ci1,j1)

(90)

To understand the system dynamics for α = 1, we are interested in analysing
the stability of the vertices of the n-cube, the solution paths. Given a generic
vertex vr and the definition of the Jacobian matrix of eq. (81), considering the
rows of this matrix, we have:

∂fil
∂τk

=

−ρ
(

1− cril
cr

)
for τil = 0, l ∈ {0, 1} and k = il

0 for τil = 0, l ∈ {0, 1} and ∀k ∈ H, k 6= il
(91)

where H is a finite countable set of all the possible edges forming a path, cr

is the pheromone update coefficient for the path r and cril is what is left from
the term Cil after the substitutions with the path r. This can be easily seen
observing that τil is the numerator of all the partial derivatives considered
except for ∂fil

∂τil
. The elements of the row corresponding to the pheromone

variable τil are therefore all null expect the one lying on the diagonal, if τil = 0.
Given the definition (1) a vertex is a point which has one pheromone variable
equal to null for each node, resulting in the relative row having the same
structure. A similar relation can be found for the columns of the Jacobian:

∂fk
∂τil

=

−ρ for τil 6= 0, l ∈ {0, 1} and k = il

0 for τil 6= 0, l ∈ {0, 1} and ∀k ∈ H, k 6= il
(92)

where H is a finite countable set of all the possible edges forming a path.
This can be easily seen observing that τil is never the numerator of the partial
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derivatives considered, while at numerator we can find the other pheromone
variable, in this case equal to 0. The elements of the column corresponding to
the pheromone variable τil are therefore all null expect for the one lying on the
diagonal, if τil 6= 0 . Considering the definition of vertex 1, for each node, one
pheromone variable is not 0, this means that the relative column will present
this same structure.

As an example, we consider a vertex vr defined as follows:

Node0 :

{
τ00 = cr

ρ

τ01 = 0
. . . Noden :

{
τn0 = cr

ρ

τn1 = 0
(93)

where cr indicates the pheromone update coefficient for the generic path r.
Considering, as an example, ∂fi0

∂τi1
and substituting the values of the vertex

considered:
∂fi0
∂τi1

= − ρ

cr
cr = −ρ (94)

where the coefficient cr is what is left from the term Ci0 after the substitutions
with the path r. Considering the generic pair i, the partial derivative are
therefore the following:

Pair i :



∂fi0
∂τi0

= −ρ
∂fi0
∂τi1

= −ρ
∂fi0
∂τj0

= 0

∂fi0
∂τj1

= −ρ
(

1− crj1
cr

)

∂fi1
∂τi0

= 0

∂fi1
∂τi1

= −ρ
(

1− cri1
cr

)
∂fi1
∂τj0

= 0

∂fi1
∂τj1

= 0

(95)

where the coefficient crj1 is what is left from the term Ci0,j1 after the substi-
tutions with the path r; crj1 represents the pheromone update coefficient for a
path equal to r except for the edge j1 while the term Ci0,j0 simplifies with cr.
The coefficient cri1 is the output of the term Ci1. The following gives an idea
of the structure of the Jacobian in this case:

J =

10

11

n0

n1

10 11 n0 n1

−ρ −ρ . . . 0 −ρ
(

1− crn1

cr

)
0 −ρ

(
1− cr11

cr

)
. . . 0 0

...
...

. . .
...

...

0 −ρ
(

1− cr11
cr

)
. . . −ρ −ρ

0 0 . . . 0 −ρ
(

1− crn1

cr

)


(96)

where the coefficient cr11 is what is left from the term C11,n0 and from the
term C11 after the substitutions with the path r, while the coefficient crn1 is
the output of the term Cn1 and of the term C10,n1 which for this vertex are the
same. Of note is the particular structure of this matrix, that, as demonstrated
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above, for each pair of pheromone variables has 1 row and 1 column of null-
values except for the value lying along the diagonal.

The next step is to calculate the eigenvalues of the Jacobian to assess the
stability of the vertices. For this calculation we use the Laplace expansion:

|J − λ I| = |A| =
n∑
k=1

aik Bik =

n∑
k=1

akiBki = 0 (97)

where with the bracket | . . . | we indicate the determinant of a matrix, λ is the
vector of the eigenvalues and I the identity matrix. aij is a generic element
of the matrix A while Bij is the cofactor of A, a (2n − 1) x (2n − 1) matrix
obtained deleting the i-th row and the j-th column of A.

Given the particular structure of our Jacobian, considering row i, eq. (97)
becomes

n∑
k=1

aik Bik = aiiBii = (jii − λi)Bii = 0 (98)

where the summation is reduced to one single term, and the eigenvalue λi = jii,
where jii is the non-null value lying on the diagonal of the Jacobian. This
process can be iterated using the remaining matrix Bii reducing it of one
dimension at each step. Applying this process to the example above gives the
following expression for the eigenvalues:

λ =



−ρ

−ρ
(

1− cr11
cr

)
...

−ρ

−ρ
(

1− crn1

cr

)


(99)

In general terms, given a pheromone variable pair i:

Pair i : λi =

−ρ−ρ(1− cril
cr

) (100)

where l is the index of the pheromone variable equal to 0; e.g., for τi1 = 0
we have cri1. These eigenvalues show that for each pair of equations one of
the two eigenvalues is always negative while the other is either positive or
negative depending on the vertices considered. This vector of eigenvalues gives
us the way to compare the chosen vertex, in this case the one with coefficient
cr, with the n vertices connected directly to it; those vertices, forming its
neighbourhood, differ from the vertex considered in one decision, which is

one bit in the binary representation. The value −ρ
(

1 − cril
cr

)
is negative if

cril < cr which means it is stable if the vertex considered has a higher amount of
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pheromone than the neighbour vertex corresponding to the same path except
for edge l of node i. In the opposite case this eigenvalue would be positive,
hence unstable. This is in agreement with the eigenvalues seen in eq. (21)
for the generic 1-node problem where k is the ratio between the pheromone
update coefficients. Of note is that the denominator cr is the same for all
the eigenvalues of the Jacobian considered because it represents the vertex
chosen. It is clear that the same result can be obtained starting from any
vertex of the n-cube. This result tells us that the system is driven towards the
best solution/vertex of the neighbourhood of the vertex considered; however,
it does not say that the system is going to stop there. It is important to
remember that we are describing the dynamics of an ensemble of particles
that will converge exactly on a vertex only after an infinite time. Because of
this, the actual system will only get close to a vertex before moving towards a
better one. Once on the new vertex, we could calculate a new Jacobian telling
us the best vertex of the new neighbourhood. The system therefore will stop
only on a vertex whose eigenvalues are all negative, meaning that the vertices
of its neighbourhood are solutions of inferior quality. Such a vertex can be
regarded as a local optimum solution. qed.

It is not possible to write the Jacobian for α < 1 as some of the partial
derivative terms are not defined at the vertices (they tend to infinity). This is
the same feature we discussed in section 4.1 where for topological reasons this
indicates an unstable behaviour at the vertices.

Lastly, we need to verify the behaviour of the mid points. Substituting the
general equation for a mid point, eq. (74), into the transition probabilities, we
have:

Pi0 =
mγ
i

1 +mγ
i

Pi1 =
1

1 +mγ
i

(101)

Considering for simplicity the case of a mid point lying on the side connecting
two vertices of the n-cube, defined by node 1, the Jacobian matrix at this mid
point can be written as:

J =



−ρ+ αρ
(

1
1+kγ1

)
−αρ

(
kγ−1
1

1+kγ1

)
. . . 0 0

−αρ
(

k1
1+kγ1

)
−ρ+ αρ

(
kγ1

1+kγ1

)
. . . 0 0

...
...

. . .
...

...

0 0 . . . −ρ 0

0 0 . . . 0 −ρ


(102)

To calculate the eigenvalues corresponding to the variable pair 1, it is possible
to extract from the Jacobian the 2 x 2 matrix formed by the first two rows
and first two columns. This matrix can be further simplified by some linear
operations. Specifically, by multiplying and dividing by k1, it is possible to
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obtain the following matrix:

J =

 −ρ 0

−αρ
(

k0
1+kγ1

)
ρ (α− 1)

 (103)

The eigenvalue ρ (α−1) is the same as the one shown in eq. (20) for the 1-node
problem. It confirms the typical behaviour of the mid points that are stable
for α < 1 and unstable for α > 1.

It is possible to repeat this procedure for the mid points lying on the
surface defined by more variables pairs. However, due to the partial derivative
terms, the calculation of the eigenvalues soon gets quite cumbersome and, to
the best of our knowledge, it is not possible to derive the general equation of
the eigenvalues describing the behaviour of any type of equilibrium points.

6.3 Analytical model generalized to the n-node problem with fixed ratio

In this section we impose the condition seen on section 5.1 on the pheromone
update coefficients to simplify the general system (56) and to generalize ana-
lytically all the system properties. Given the fixed ratio conditions:

k1 = c1...0
c0...0

= . . . = c1...1
c0...1

...
kn = c0...1

c0...0
= . . . = c1...1

c1...0

(104)

where c1...0 is the pheromone update coefficient associated with a solution
path containing the edges 10 and n0. Here we are using the notation . . . to
indicate a generic setting for all the other edges. The fraction c1...0

c0...0
indicates

the ratio between the pheromone update coefficients of two generic solutions
paths differing only in the node 1. The general system (56) can be rewritten
as n pairs of equations:

Pair i :


dτi0
dt

= −ρ τi0 + cPi0
n∏

j=1,j 6=i

(Pj0 + kj Pj1)

dτi1
dt

= −ρ τi1 + c ki Pi1
n∏

j=1,j 6=i

(Pj0 + kj Pj1)

(105)

where c = c0...0.

We are interested in finding an analytical expression for all the equilibrium
points we defined in section 6.1 as mid points. At the equilibrium:

Pair i :


τi0 = c

ρ Pi0
n∏

j=1,j 6=i

(Pj0 + kj Pj1)

τi1 = c
ρ ki Pi1

n∏
j=1,j 6=i

(Pj0 + kj Pj1)

(106)
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that gives the following relations:

Pair i :


τi0
τi1

=
1

ki

Pi0
Pi1

⇒ τi0 = kγ−1i τi1

τi0 =
c

ρ

n∏
j=1,j 6=i

(Pj0 + kj Pj1)− τi1
ki

(107)

These equations are valid for τ 6= 0, that is, the condition of the mid point.
Given the first of these equations, the contribution to the global deposit from
each node can be written as a function of the fixed ratio; the second equation
can be rewritten then as:

τi0 =
c

ρ

n∏
j=1,j 6=i

kj + kγj
1 + kγj

− τi1
ki

(108)

Solving the system (107) gives the position of the generic mid point:

Pair i :


τi0 =

c

ρ

(
kγi

1 + kγi

) n∏
j=1,j 6=i

kj + kγj
1 + kγj

τi1 =
c

ρ

(
ki

1 + kγi

) n∏
j=1,j 6=i

kj + kγj
1 + kγj

(109)

In the following, we are going to calculate the general expression of the
eigenvalues of the Jacobian matrix, necessary to derive the stability properties
of all the equilibrium points. To construct the generic Jacobian matrix, we
need to calculate the partial derivatives. As seen in subsection 6.2, these terms
present a structure that allows to write them in a concise form. In this case,
for the generic pair i:

Pair i :



∂fi0
∂τi0

= −ρ+ ai
τi0

∂fi0
∂τi1

= − ai
τi1

∂fi0
∂τj0

= bi
τj0
Pi0

∂fi0
∂τj1

= − bi
τj1
Pi0

∂fi1
∂τi0

= − ai
τi0

ki
∂fi1
∂τi1

= −ρ+ ai
τi1

ki
∂fi1
∂τj0

= bi
τj0
Pi1 ki

∂fi1
∂τj1

= − bi
τj1
Pi1 ki

(110)

where:

ai = c αPi0 Pi1
∏
l 6=i

(Pl0 + kl Pl1)

bi = c αPj0 Pj1 (1− kj)
∏
l 6=i,j

(Pl0 + kl Pl1)
(111)
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The Jacobian therefore can be written as:

J =

10

11

n0

n1

10 11 n0 n1

−ρ+ a1
τ10

− a1
τ11

. . . b1
τn0
P10 − b1

τn1
P10

− a1
τ10

k1 −ρ+ a1
τ11

k1 . . .
b1
τn0
P11 k1 − b1

τn1
P11 k1

...
...

. . .
...

...

bn
τ10
Pn0 − bn

τ11
Pn0 . . . −ρ+ an

τn0
− an
τn1

bn
τ10
Pn1 kn − bn

τ11
Pn1 kn . . . − an

τn0
kn −ρ+ an

τn1
kn


(112)

Given the expression ki =
τα−1
i0

τα−1
i1

, this matrix can be simplified applying the

following linear operations:

1. column i0 = column i0 + column i1 · τi1τi0
2. row i1 = row i1 - row i0 · τi1τi0

resulting in:

J =



−ρ ∗ . . . 0 ∗

0 −ρ+ a1

(
1
τ10

+ k1
τ11

)
. . . 0 0

...
...

. . .
...

...

0 ∗ . . . −ρ ∗

0 0 . . . 0 −ρ+ an

(
1
τn0

+ kn
τn1

)


(113)

As seen in subsection 6.2, this type of matrix contains rows or columns of
null elements except for the values on the diagonal that are eigenvalues:

λ =



−ρ

−ρ+ a1

(
1
τ10

+ k1
τ11

)
...

−ρ

−ρ+ an

(
1
τn0

+ kn
τn1

)


(114)
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Of note is the second eigenvalue of each pair:

λi2 = −ρ+ai

(
1

τi0
+
ki
τi1

)
= −ρ+c αPi0 Pi1

(
1

τi0
+
ki
τi1

) n∏
j=1,j 6=i

(Pj0 +ki Pj1)

(115)
This is the general form of the eigenvalues shown for the 1-node problem

in section 4, eq. (19). This equation therefore confirms the stability properties
for all the equilibrium points.

The fixed ratio condition offers an important analytical formulation that
could be further exploited to generalize other properties. This is a strong hy-
pothesis and in the problems where the objectives functions cannot guarantee
this property, the fixed ratio model cannot be applied. However, this does not
reduce the validity of our argument. Even though we have not provided a gen-
eral demonstration of the entire system stability without using the fixed ratio
condition, in subsection 6.2, we have offered the proof of all the key elements
characterizing our argument.

The next section provides a discussion of the insights derived by the analyt-
ical model presented in this paper, its possible extensions and its limitations.

7 Discussion

The main contribution of the theoretical analysis presented in this paper is
in showing that the parameter α plays the role of control parameter, defining
three different system behaviours:

– For α < 1 the system is driven towards the mid point in the centre of the
n-cube hence the system does not converge to any path.

– For α = 1 the system tends to converge to the local optimum path.
– For α > 1 the system risks premature convergence on vertices representing

sub-optimum paths.

Results in agreement with this argument can be found in the experimental
analysis of Dorigo and Stützle (2001), conducted on the SACO algorithm. The
output of that study was that high values of α give premature convergence and
as a general recommendation α was indeed fixed to 1. Moreover, Meyer (2004),
studying the TSP problem, showed that α can change the system stability in
a similar way.

At this point, it is important to discuss the limitations of our approach
and of the model developed in order to understand the scope of these results.
First of all, while the methodology of analysis shown is very generic, these
results are valid for problems modelled as a binary chain graph. Meyer (2004)
suggested that the bifurcation point may change depending on the typology of
the network, specifically the network connectivity. However, he did not provide
any mathematical analysis of this dependence. It is clear that this phenomenon
may affect problems such as the TSP where the typology of the graph is differ-
ent for each problem. Differently, in the case of subset problems, modelled as
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binary chains, the level of connectivity is always constant. Further investiga-
tions are therefore required to extend the theoretical model to different types
of graphs.

Another direction requiring further investigations is how constraints influ-
ence the system dynamics. A formal analysis of this influence is out of this
paper’s scope; we can however draw some informal considerations. The con-
straints that can be directly considered by the theoretical model are only those
that can be modelled in the binary chain without affecting its connectivity.
All the others should be handled at different stages of the algorithm: they
can be part of the objective function, e.g., as a penalty function, affecting the
pheromone update coefficient or they can be incorporated in the logic of the
single ant-agents, allowing only the creation of feasible paths. The knapsack
problem, for example, requires resource constraints that can be considered di-
rectly by the ants at the time of choosing each single node. Considering how
these constraints can affect the system dynamics, it is clear that each con-
straint is going to forbid some specific solutions, that is, some vertices. The
result can be pictured as a n-cube with a number of vertices missing. The
stability properties of the remaining vertices are unchanged but the missing
vertices are going to reduce the size of the remaining vertices neighbourhoods
and therefore they may increase the number of local optima. This considera-
tion needs further investigation which goes beyond the scope of this paper.

Regarding the limitations of our approach, it is worth pointing out that
the ODE model presented in this work cannot describe phenomena due to
the stochastic nature of the algorithm. This is a key element that needs to be
evaluated to provide a meaningful description of real algorithms. The ensemble
hypothesis, used to derive eq. (4), considers the mean of the ensemble that
is valid for a high number of runs of a real algorithm. Further investigations
are therefore required to characterize how the behaviour of a single run can
differ from the theoretical model. Another element to consider is the role of
the evaporation factor ρ. The tuning of this parameter influences the tradeoff
exploration-exploitation. The model presented in this paper shows that ρ is
not responsible for the change of stability. Rather, it affects the magnitude of
the eigenvalues and is therefore a time scaling factor. An interesting direction
of research would then be to combine the conclusions presented in this paper
with the results offered by statistical modelling approaches.

The next section focuses on the impact of α on the convergence time. This
analysis shows how the theoretical framework presented here can be applied
to find new insights on the system speed of convergence.
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8 Impact of the pheromone amplification parameter on the
convergence time

The impact analysis of α, the pheromone amplification parameter, on the con-
vergence time is necessary to draw the whole picture of the system dynamics.
The most recent approaches exploring run-time analysis used, as a modelling
technique, probabilistic model checking (Duarte et al., 2010) and absorbing
Markov chains (Huang et al., 2009; Yang et al., 2010). The first approach of-
fers a very precise analysis but only on very simple problem instances, making
its application to real problems impossible. The second is independent of the
problem instance but it is much more complex from the mathematical stand-
point, reducing its extendibility and applicability to other systems. Our ap-
proach sees the use of the theoretical model presented in the previous sections
to derive, analytically or alternatively by numerical integration, a number of
properties influenced by the system parameters. We focus on the convergence
time that translates to the velocity of the trajectories in the solution space.

To the best of our knowledge, a description of the influence of α on the sys-
tem convergence time is not possible through a closed-form expression because
of the nonlinearities of the system equations. However, we can derive a number
of properties looking at the trajectories in the phase space. Generally, all the
trajectories will convergence on the equilibrium points approaching first the
eigenvector corresponding to the eigenvalue with the smallest absolute value.
Eq. (22) shows that the unstable manifold (10) will always have the smallest
eigenvalue: |ρ(α − 1)| < ρ for α ∈ [0, 2] that is the interval of interest. This
means that the time of convergence is generally dependent on the velocity
on the unstable manifold. Looking at its eigenvalue, it is possible to further
note that this eigenvalue has a minimum in value for α = 1. This means that
the system slows down as α → 1 and speeds up after 1. The actual trend of
the convergence time is much more complex due to the change of geometry
of the trajectories in the phase space as α changes. A detailed analysis needs
to consider specific initial conditions, which offer different trajectories for dif-
ferent values of α. This makes the characterization of the impact of α on the
global convergence time difficult. However, using numerical integrations we
can calculate directly the time of convergence for the entire solution space for
different values of α and analyse its average value.

We consider the phase space of the generic 1-node problem of section 4 with
k = 0.75; we sample the 2-D space uniformly way to have a fair distribution
of the initial conditions. To calculate the convergence time we need to define
small neighbourhoods around the equilibrium points. If the system is inside
one of these regions can be considered converged on that equilibrium point.
We fix this accuracy constant to 10−3. The method for integration used is
Runge-Kutta(4,5). The actual value of the convergence time does not have
any meaning for the real system because, in the discrete system, the timestep
is given by the number of ants. In this section, we are interested in the trend
of the convergence time, shown in figure 8, where its average value along the
entire phase space is plotted. This plot offers a clear evidence that convergence
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Fig. 8 Average convergence time for the generic 1-node problem in the interval α : [0.5−1.5],
with k = 0.75, c = 0.05, ρ = 0.05.

time increases as α→ 1, where it has its maximum. Moreover, it can be shown
that the system, in this case, is particularly sensitive to the value of k = c1

c0
, eq.

(7), which identifies the level of asymmetry of our system or, in other words,
the difficulty of the problem. As k → 1, the problem increases its difficulty
as the two solutions become equivalent. Figure 9 clearly shows an increase in
the global convergence time due to a decrease of velocity along the unstable
manifold as k → 1. As soon as α 6= 1, the impact of k on the convergence time
is instead negligible. The sensitivity to k when α = 1 is due to the eigenvalues
of the equilibrium points. As described in section 4, for α = 1, the eigenvalues
of the equilibrium points are dependent on k, as shown in eq. (21). Of note is
that as k → 1 the eigenvalues→ 0 because the system tends to the degenerate
case where the entire unstable manifold becomes a space of neutral stability.
This phenomenon justifies the trend seen for the convergence time as all the
trajectories pass through the unstable manifold.

Although the plots showed in this section are based on the generic 1-node
problem, these trends are valid as well for the generic n-node problem, because
the eigenvalues of the equilibrium points keep showing the same characteristics,
as shown in section 6.
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Fig. 9 Average convergence time for the generic 1-node problem in the interval k : [0.4 −
0.95], with α = 1, c = 0.05, ρ = 0.05.

9 Conclusions

An analytical description of an ant colony optimization algorithm as a dynami-
cal system has been presented along with a complete stability analysis aimed at
identifying the role of the parameters in the system dynamics. The algorithm
considered is a generic ACO offering the core elements of this metaheuristic,
as well as offering the possibility to extend it to more specific implementa-
tions. The problem representation considered is the binary chain. This paper
highlights the role of the pheromone amplification parameter α in the system
dynamics and proposes as a novel result a formal and complete analysis of its
impact on the system stability, which is valid for any n-node problem. The
parameter α plays the role of a control parameter, capable of changing the
system dynamics drastically. It is possible to identify 3 regions with different
system behaviours in terms of stable points and convergence time:

– For α < 1, the system shows only one stable point, lying inside the n-cube,
representing uniform distribution of pheromones on the binary chain. In
terms of problem solutions, the system does not converge, but fluctuates
around this stable point performing continuous explorations for new ver-
tices.

– For α = 1, the system is driven towards the local optimum solution, repre-
sented by a vertex, but its velocity is at its lowest value. Moreover, the sys-
tem convergence time shows a high sensitivity to the differences in quality
between close solutions, a detrimental feature for the system convergence.

– For α > 1, all the possible problem solutions represented by the vertices
are stable points and the velocity to approach them grows quickly after
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the transition. The system presents therefore a greedy behaviour reflected
in the risk of premature convergence.

These conclusions show that none of these regions are perfect in terms of
optimization. In the best case, with α = 1, the system converge to a local
optimum. This is a strong argument for a new class of algorithms which are
able to regulate the tradeoff exploration/exploitation by dynamic variations of
the parameter α; this will control and improve the performance of the system
convergence. Future work in this research indeed sees the implementation of
new algorithms, taking advantage of the novel insights offered by the theo-
retical model presented. Moreover, this paper has shown how techniques used
to study dynamical systems can successfully model important aspects of the
ACO paradigm. Further research aims at extending this model to dynamic
problems and to different graphical representations to broaden its range of
applications. However, a few limitations need to be taken into account as dis-
cussed in section 7; specifically, further investigations are required to combine
the conclusions presented in this paper with the results offered by statistical
modelling approaches.
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