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Abstract—In the last decade, Dynamic Optimization Problems
(DOP) have received increasing attention. Changes in the problem
structure pose a great challenge for the optimization techniques.
The Ant Colony Optimization (ACO) metaheuristic has a number
of potentials in this field due to its adaptability and flexibility.
However their design and analysis are still critical issues. This is
where research on formal methods can increase the reliability of
these systems and improve the understanding of their dynamics
in complex problems such as DOPs.

This paper presents a novel ACO algorithm based on an
analytical model describing the long-terms behaviours of the
ACO systems in problems represented as binary chains, a type of
DOP. These behaviours are described using modelling techniques
already developed for studying dynamical systems. The algorithm
developed takes advantage of new insights offered by this model
to regulate the tradeoff of exploration/exploitation resulting in
a ACO system able to adapt its long-term behaviours to the
problem changes and to improve its performance due to the
experiences learnt from the previous explorations. An empirical
evaluation is used to validate the algorithm capabilities of
adaptability and optimization.

c©2013 IEEE. Personal use of this material is permitted.
Permission from IEEE must be obtained for all other uses, in
any current or future media, including reprinting/republishing
this material for advertising or promotional purposes, creating
new collective works, for resale or redistribution to servers or
lists, or reuse of any copyrighted component of this work in
other works.

I. INTRODUCTION

Dynamic Optimization Problems (DOP) are very common
in real-world applications. As they change their structure or
their objective function over time and new optima may appear,
they are challenging problems. The Ant Colony Optimiza-
tion (ACO) metaheuristic is a popular stochastic optimization
technique inspired by the ant foraging paradigm [1]. ACO
has been successfully applied to a wide number of classical
optimization problems. The key element of this approach
is the autocatalytic process based on an exploration phase,
biased by artificial pheromones and an update phase which
changes these pheromones. The pheromones are deposited
in the environment; therefore the environment plays a direct
role in the system’s dynamics. In the ACO framework, a
problem change equates to an environment change, therefore

an ACO system is naturally suited for DOPs. In recognition
of this, a number of works have focused in designing new
ACO strategies for different DOPs [2], [3], including dynamic
binary chains. However none have investigated the long-term
behaviours of the ACO systems facing DOPs.

A remarkable advantage of the ACO paradigm compared
to other metaheuristics is its capability of not only finding
an optimal solution once but to converge with the entire
ant colony on this optimal solution. As Dorigo and Stützle
pointed out in their theoretical works [4], this type of long-
term behaviour, called convergence in solution, is a strong and
desirable property which provides a better understanding of the
dynamics of the system itself. The first results on convergence
in solution were already showed by Gutjahr [5]. The first aim
of this paper is in analysing the system long-term behaviours
in the context of DOPs: understanding under which conditions
the ant colony converges to one specific path or departs for
exploring new paths.

Research on dynamical systems can help describe and
predict the long-term behaviours of complex systems such
as ACO algorithms. A number of works have successfully
demonstrated how ODE (Ordinary Differential Equation) mod-
elling can answer a number of questions related to the
convergence properties of the ACO algorithms. Gutjahr was
able to analyse a number of problem representations, such
as binary chains, using ODE [6]. Merkle and Middendorf
showed how ODE can efficiently be used to compare different
algorithm features which affect the dynamics and the system’s
equilibrium points [7]. The main focus of this paper is to
present a novel algorithm based on a ODE model developed
in a previous work [8], where we showed that the system’s
stability is influenced by specific control parameters. Thanks
to these insights the algorithm developed is able to adapt the
system’s long-terms behaviours to the problem changes.

In the following sections, we first present the type of prob-
lem representation that has been adopted, namely the binary
chain. Section III describes the key elements of the ACO
paradigm, which are the base of the analytical model presented
in Section IV.The insights given by this model are used to
develop an algorithm for dynamic environments, shown in
Section V. Section VI explains the experimental setup used to
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Fig. 1. Representation of a binary chain of n nodes.

evaluate this algorithm and discusses their associated results.
Section VII covers our conclusions and describes the direction
of future work.

II. PROBLEM REPRESENTATION: DYNAMIC BINARY CHAIN

This paper focuses on problems that can be represented as
binary chains. A binary chain is an equivalent encoding of
a subset. Finite subset problems therefore can be naturally
described by the binary chain graph. The binary chain has
been adopted in a number of works facing binary problems,
such as the knapsack problem [6], [9]. In general, the binary
chain can be applied to any problem that can be formalized as
max f(X̄) where X̄ is a vector of xi ∈ {0, 1}, i = 1 . . . n,
xi is a binary variable that indicates the status of a specific
decision. f(X̄) defines the objective function that needs to
be maximized. A graphical representation of the binary chain
is shown in Fig.1. Each node is a binary variable; the two
possible variable states can be represented as distinct edges.
In this way a generic node i has only two possible incoming
edges identified as i0 for xi = 0 or as i1 for xi = 1. Each edge
has an associated weight, which we call pheromone variable,
identified respectively by τi0 and τi1. Given such a graph, a
solution of the optimization problem is represented by a path
connecting all the edges. In the context of DOPs, a dynamic
binary chain is a graph where the structure changes in time,
either in terms of the number of nodes or in terms of the
objective function.

III. ANT COLONY OPTIMIZATION PARADIGM

The algorithm developed is part of the ACO metaheuristic,
therefore its core can be summarized in the following main
components:
1) Exploration Phase: One ant at a time explores the en-

vironment, in this case represented by a binary chain. At
each time-step, an ant moves from the node where it is
located to a neighbour node. A transition rule is used to
define the probability that an ant chooses to move to node
i:

Pi =
τα0

τα0 + τα1
τ : pheromone variable (1)

where τ0 and τ1 are associated to the edges considered
for the next move, two edges in the binary chain. α
represents the pheromone amplification parameter.

2) Update Phase: Once the ant reaches the end of the
environment, a global pheromone update procedure takes

place where all the ants deposits on all the edges of its
path a pheromone amount ∆τ . This amount is derived by
the solution fitness given by the evaluation of the objective
function f(X̄) on the path performed by the ant:

τi(t+ 1) =

{
(1− ρ)τi(t) + ∆τ for the ant path
(1− ρ)τi(t) for the other edges

(2)
The pheromone on all the edges evaporates at the rate
ρ ∈ (0, 1).

The key element of the ACO metaheuristic is the combination
of the exploration phase with the update phase where the last
increases the probability of some edges to be selected for fur-
ther deposit. Thanks to perturbations and to this autocatalytic
pheromone process, the colony can converge to a specific path
in the long-term.

IV. ANALYTICAL MODEL

This section briefly presents an analytical model developed
to analyse the long-term behaviours characterizing the ACO
paradigm on problems represented as binary chain. The focus
of this paper is not on the analytical model therefore we
describe only the main concepts and their implication in
the development of an algorithm for dynamic optimization.
However, a full mathematical explanation can be found in
[8]. In Subsection IV-A, we first present the key concepts of
the analytical model starting with a basic problem of 1 node,
where we can take advantage of graphical representations of
the phase portrait. Subsection IV-B generalizes these concepts
to problems of size n. Lastly, Subsection IV-C translates the
model to dynamic binary chains.

A. Analytical model for 1-node problem

The long-term behaviour of the system can be described by
a ODE model, a system of continuous deterministic equations,
defined as follows:

f :
dτ0
dt

= −ρ τ0 + c0 P0 with P0 =
τα0

τα0 +τα1

g :
dτ1
dt

= −ρ τ1 + c1 P1 with P1 =
τα1

τα0 +τα1

(3)

These equations describes how the pheromone variables τ0
and τ1 of the edges relative to one node change in time.
The pheromone update coefficients c0 and c1 represent the
∆τ associated with the specific path. A full mathematical
explanation of how to pass from a discrete statistical system to
a continuous deterministic model, as the one presented here,
can be found in [6].

The system (3) represents a dynamical system; we are
then interested in finding the system’s equilibrium points that
represent the long-term behaviours of the system. At the
equilibrium points the derivative of τ0 and τ1 must be 0.
Solving the system in this case gives the following equilibrium
points:

S0 :

{
τ0 = c

ρ

τ1 = 0
S1 :

{
τ0 = 0
τ1 = k c

ρ

S2 :

{
τ0 = c

ρ

(
kγ

1+kγ

)
τ1 = c

ρ

(
k

1+kγ

)
(4)



where γ = α
α−1 , c0 = c and k = c1

c0
, indicating the difference

in terms of fitness of the two paths. It is worth noting that, in
contrast to S0 and S1, the solution S2 depends on α.

To understand the behaviour of the system at the equilib-
rium points, a stability analysis is required. We can obtain
information regarding the stability constructing the Jacobian
matrix, a linearization which corresponds to the first term of
the Taylor expansion. Given this matrix, the eigenvalues for
each equilibrium points are the following: For α > 1, the
eigenvalues respectively are:

λ0 =

[
−ρ
−ρ

]
λ1 =

[
−ρ
−ρ

]
λ2 =

[
−ρ

ρ(α− 1)

]
(5)

Solutions S0 and S1 both have negative eigenvalues, which
means they are stable, that is, they act as attractors. Solution
S2, at the centre of the solution space, has a positive second
eigenvalue for α > 1, it is therefore an unstable point, a saddle
point. In the case of α < 1, the situation is inverted, the
positive eigenvalue of S2 becomes negative and is stable while
it can be seen that S0 and S1 become unstable.

For α = 1, the system presents only the solutions S0 and
S1. For these points the eigenvalues are the following:

λ0 =

[
−ρ

−ρ (1− k)

]
λ1 =

[
−ρ

−ρ (1− 1
k )

]
(6)

As k < 1, S1 is now unstable because the second eigenvalue is
positive while S0 is stable because both the eigenvalues both
are negative. It is worth pointing out that the stable one is the
best solution.

Fig.2 shows the phase portrait, a representation of the solu-
tion space containing information on the trajectory dynamics.
It shows the stability behaviour of the equilibrium points,
as well as the relative eigenvectors. The shaded circles are
stable equilibrium points while the white ones are unstable
equilibrium points. On the left it represents the solution space
as α < 1 where the point S2 converges to S0. The central
picture shows the solution space for α = 1 with all the
trajectories going to S0 because it is the only attractor. The
image on the right represents the solution space as α > 1
where point S2 moves from S1 towards the centre. The figure
also shows a trapping region, a square that has S0 and S1

as its corners. Any trajectory starting from inside this region
cannot leave it. This means that the pheromone variables are
bound to the interval [0, cρ ]. This data is in agreement with the
update rule of eq. (2).

It is worth noting that, for α > 1, the sub-optimal solution
S1 is stable and its basin of attraction - the area of the
phase space from where any trajectory eventually ends on the
attractor - increases with α. This translates to risk of premature
convergence.

B. Generalization to n-node problems

This section presents the extension of the model introduced
in Section IV-A to problems with n nodes. Extending the
model to binary chains of n dimensions, Fig.1, results in
adding a couple of equations for each new node, describing

the pheromone variables dynamics of the edges connecting the
new node. The pheromone update terms are influenced by all
the nodes of the chain because we are considering a global
update procedure (see eq. 2). The ODE system is therefore
formed by n pairs of equations; for the generic node i this
pair is defined as:

Pair i :


dτi0
dt

= −ρ τi0 +Di0
dτi1
dt

= −ρ τi1 +Di1
(7)

where Dil is the pheromone update term. The structure of this
term is rather complex; considering the equation for τi0, Di0
can be expressed as:

Di0 =
∑
r∈Ri0

cri0 Sri0, Sri0 = Pi0
∏

k∈H,k 6=i0,i1

Pk (8)

where Ri0 is the set of all the possible solution paths contain-
ing the edge i0. cri0 is the pheromone update coefficient for a
specific path r, and Sri0 indicates the transition probability for
such a path. H is the set of all the possible edges forming a
path and Pi0 is the generic transition rule of eq. (1).

For the 1-node problem, as shown in Fig.2, the solution
space is in 2 dimensions but all the equilibrium points lie on
the same line; they can be represented therefore with 1 dimen-
sion. In the n-node problem all the equilibrium points are part
of a n-cube inside a 2n-dimensional space. These equilibrium
points can be grouped in the following 2 categories:
1) 2n vertices
2) 3n − 2n mid points
The points of the first category share the characteristics of
S0 and S1 of the 1-node problem. They represent paths in
the chains, possible solutions to the optimization problem.
Similarly, their behaviour is influenced by the parameter α;
they are stable points for α > 1 while they are unstable points
for α < 1. The mid points instead share the same characteristic
of the point S2 of the 1-node problem. For α > 1, they
are saddle points which means they are stable along some
directions but unstable along others, while they are stable
points for α < 1.

To draw the whole picture of the system’s dynamics, we
need to assess its impact on the convergence time. Gener-
ally, all the trajectories will convergence to the equilibrium
points approaching first the eigenvector corresponding to the
eigenvalue with the smallest absolute value. The time of
convergence is therefore dependent on the velocity on this
eigenvector which is given by its eigenvalue. From eq. (5) we
can say that |ρ(α−1)| < ρ for α ∈ [0, 2], which is the interval
of interest. This eigenvalue has a minimum in value for α = 1.
This means that the system slows down as α→ 1 and speeds
up after 1. Moreover, it can be shown that the system, for
α = 1, is particularly sensitive to the value of k = c1

c0
, which

identifies the difficulty of the problem. As k → 1, the problem
increases its difficulty as the two solutions become equivalent.
When α = 1, the eigenvalues of the equilibrium points depend
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Fig. 2. Phase portrait for the generic 1-node problem, varying α.

on k, as shown in eq. (6). As k → 1 the eigenvalues → 0.
This means that the system slows down as k → 1.

In summery, the analytical model presented here highlights
the role of the pheromone amplification parameter α as a
control parameter, capable of changing the system’s dynamics
drastically. We can identify 3 regions with different system’s
behaviours in terms of stable points and converge time:
• For α < 1, the system shows only one stable point,

lying inside the n-cube, representing uniform distribution
of pheromones on the binary chain. In terms of problem
solutions, the system does not converge to any solution, but
fluctuates around this stable point performing explorations
of new vertices.

• For α = 1, the system is driven towards the local
optimum solution, represented by a vertex, but its velocity
is at its lowest value. Moreover, the system’s convergence
time shows a high sensitivity to the differences in fitness
between close solutions, a detrimental feature for the
system’s convergence.

• For α > 1, all the possible problem solutions represented
by the vertices are stable points and the velocity to
approach them grows quickly after the transition. The
system presents therefore a greedy behaviour reflected in
the risk of premature convergence.

C. Dynamics in DOPs

The focus of this subsection is on the system’s dynamics
when dealing with dynamic binary chains. Considering the
binary chains, two possible changes are envisaged:
• Changes in terms of the number of nodes. Adding

or removing one node from the binary chain results in
the change of the analytical model where two equations,
describing the evolution of the pheromone variables of
the edges connecting the node considered, are added or
removed. This translates to changing of one dimension
the solution space. If we add one node for example, the
number of equilibrium points increases by a factor of
3, where the number of vertices, increases by a factor

of 2. The dynamics however is not greatly affected, the
trajectories are going to move along one more dimension
taking in account the new vertices.

• Changes in terms of node fitness. The objective function
depends on the fitness of the nodes forming a path. If
the node’s fitness varies, the fitness of the entire path
changes. This fitness is translated into the pheromone
update coefficient associated with the vertex representing
said path. In the solution space changing a pheromone
update coefficient means stretching the n-cube. Such a
change may affect the system’s dynamics if it regards the
regions where the local optima lie.

Given this context, we are interested not only in the system’s
capability of exploration and exploitation but also in its
reactivity and adaptability, for different values of α.

• Exploration. The system explores more for α < 1 as the
vertices are not stable in this case.

• Exploitation. When α = 1 the system starts exploiting,
converging to the local optima, α > 1 further increases
the exploitation.

• Convergence Speed. The system slows down as α → 1
and speeds up when α > 1.

• Change Detection. When a change affecting the local op-
tima occurs, the system’s dynamic is only greatly affected
if α ≈ 1. In all other cases the stability and the basins of
attraction are unchanged.

• Sensitivity to k. As explained in the previous sections, k
identifies the difficulty of the problem. The convergence
speed is only greatly affected by k if α ≈ 1 while the
system slows down as k → 1. In all other cases the
stability and the basins of attraction are unchanged.

Table I summarizes this analysis: in terms of reactivity
and adaptability, for α = 1 the system is adaptable but not
reactive and viceversa for the other regions. This analysis
highlights that none of these regions are perfect in terms of
optimization. This is a strong argument for a new class of
algorithms exploiting the advantages of all these regions and



TABLE I
SYSTEM’S PROPERTIES FOR THE DIFFERENT VALUES OF α

α < 1 α = 1 α > 1

Exploration High Medium Low

Exploitation Low Medium High

Convergence Speed High Low High

Change Detection Low High Low

Sensitivity to k Low High Low

capable of regulating the tradeoff of exploration/exploitation
by dynamic variations of the parameter α. Section V is going
to present a new algorithm of this type.

D. Related Work

Gutjahr developed a similar ODE model to describe the be-
haviour of a basic ACO algorithm in solving subset problems
represented with 3 different type of graphs, the binary chain
being one of them [6]. The model described in this paper is
more generic than the one presented by Gutjahr because of
our transition rule (1), which being more generic, allowed us
to put in evidence the influence of the parameter α in the
system’s stability.

The influence of the parameter α has been briefly described
by Meyer, studying the behaviour of the ACO algorithms on
the TSP problem [10]. However, the author has not presented
a formal demonstration of these results and has not been able
to generalize them to problems of bigger size. Eventually
he developed an algorithm called alpha annealing where he
exploits the changes of stability to improve the exploration on
TSP problems. However this algorithm is not based on a solid
theory and is not applied to dynamic problems.

A number of works have focused in designing adaptive
ACO strategies. Some methods use adaptive parameter settings
dependent on the algorithm behaviour. Some examples are the
average λ-branching factor [11], one of the first measures of
ACO behaviour, entropy-based measures for the pheromone,
solutions’ dispersion or simply the solutions’ quality [12],
[13]. An alternative method consists in having the parameters
modified at run time by the algorithm itself as part of the
optimization process. Eiben et al. [14] name this approach
self-adaptation. Stützle et al. [15] extend this category, calling
it search-based adaptation. This class of strategies includes
techniques such as local search [16] or EAs [17] for adapting
the parameters of ACO algorithms. The simplest way of
modifying parameters at runtime however is to define the pa-
rameter variation rule before the run. Such approach has been
called pre-scheduled parameter variation [15]. The algorithm
proposed by this paper is part of this category.

V. ALGORITHM IMPLEMENTATIONS

This section introduces a new algorithm that, taking advan-
tage of the results of the analytical model developed, varies
α to improve the system’s performance. It is important to
clarify that we are interested in developing a system that
continuously adapts its current solution without knowledge

on when a change occurs. The algorithm workflow can be
summarized as follows:

1: PheromoneInitialization();
2: for all ant do
3: for all node do
4: path+=TransitionRule();
5: end for
6: pathFit=ObjectiveFuntion(path);
7: if pathFit > bestPath then
8: bestPath=pathFit;
9: updateScale(bestPath);

10: end if
11: phDep=scale(pathFit);
12: update(phDep);
13: if convergence then
14: savePath();
15: restartAlphaCycle();
16: else
17: updateAlpha();
18: end if
19: end for
The function TransitionRule() is eq. (1). path represents
the current solution under construction. pathF it is the fitness
value associated to the current path by the objective function.
To regulate the sensitivity of the system to small differences
in the terms of solution fitness, we use an exponential scale
that dynamically adjusts its range in front of the best solution
found, updateScale(bestPath). Each ant deposits phDep,a
pheromone amount, on the edges forming the current path. The
key element of the algorithm is the function updateAlpa()
that taking as input the timestep given by nAnt modifies
the value of α. In the current implementation this function
represents a tangent profile in the interval α ∈ [0.5, 2] with
the flex at α = 1. In this way, the system, after an exploration
phase at α = 0.5 approach slowly α = 1. Here is when
the system starts converging towards a local optimum. Lastly,
pushing the system towards α = 2, gives a burst in terms
velocity allowing the system to converge to a specific path in
a reasonable time. In the following, the period of this cycle
is called acp. Its value gives an indication of the converge
time; as they are strictly related, they are on the same order of
magnitude. The system is considered converged to a solution
when the pheromone value of one edge of each node is below
a specific threshold. Once there, the α profile is reset to
the exploration phase. The system is therefore continuously
alternating exploration and exploitation phase improving its
capabilities of adapting to new changes. It is clear that the
system is going to move between equivalent solutions even if
no changes occur. This is a desirable characteristic in a number
of applications where a set of good solutions is preferred
to a single very good solution because of uncertainty in the
definition of the objective function.

VI. EMPIRICAL EVALUATION

A wide number of tests have been performed to evaluate the
properties of the algorithm. Table II shows the experimental



TABLE II
EXPERIMENTAL SETUP

α range: [0.5, 2]
acp 150
ρ: 0.05
Converge threshold: 0.01
Pheromone update range: [0, 0.05]

Problem size: 20 nodes
Problem set: 100 problems
Resource Constraints: 20%
Runs per problem: 100

setup. The top part of the table describes the algorithm setup as
well as the parameters characterizing the workflow described
in Section V. The lower part of the table concerns the test
cases. Each test case is formed by 100 problems of size 20
nodes and for each problem these are run 100 times, for
statistical reasons. The size 20 nodes is a compromise between
real problems and problems that can be solved using complete
algorithms to obtain the theoretical optimum. The problems
are automatically generated keeping the resource constraints
constant where the level is given by the ratio between the
resources available and the resources requested. This ratio is
an indicator of the difficulty of the problem.

As part of the test case, we need to define the type of
changes performed. As mentioned in Section IV-C, in the
context of dynamic binary chains, we can define changes in
the number of nodes or in the node fitness. Our experimental
setup aims at testing both cases:

• A/R changes, each change adds or removes one node in a
certain position.

• U change, each change modifies the fitness of one node.

These changes are not random but are chosen in order to
change the theoretical optimum. Finally, our evaluation aims
at analysing the system along the following test dimensions:

• Change Number, chN , number of changes for each run.
• Change Time Interval, chT , the time interval between

two changes expressed in timesteps where each timestep
represents an ant going through the chain.

• Change Severity, chSev, the impact of a change on the
problem. It can be expressed in two ways:

– SC, it indicates the number of simultaneous changes.
Each time the problem changes, n A/R or U changes
are applied at the same time.

– HD, it identifies how different the new optimum is
in respect of the old one in terms of the paths they
represent. It is calculated as the hamming distance be-
tween their binary representation. This can be applied
only for U changes as the length of the two binary
representations needs to be the same.

The following subsections, after presenting the performance
metrics used, show the tests performed and their results.

A. Performance Metrics
As explained in Section V, the system is designed to

continuously explore and provide solutions. Given a specific
time window, in which the problem can be considered static,
the system will provide a number of solutions grouped in one
cluster. For each run therefore we will have a cluster every time
the problem changes. To evaluate the system’s performance,
the clusters generated during each run need to be characterized.
For this purpose, we define the following metrics:
• Cluster Fitness Mean (FM), the mean of the fitness of

each cluster element. The fitness is expressed in percentage
respect the theoretical optimum.

• Cluster Fitness Standard Deviation (FSD), the standard
deviation of the fitness expressed in percentage respect the
theoretical optimum. This metrics indicates how spread is
the cluster in terms of fitness

• Mean Hamming Distance from the Optimum (HO), the
mean of the Hamming distance of each cluster element
from the theoretical optimum. This metrics indicates how
spread is the cluster in terms of the binary representation.

• Solution Diversity (SD), number of unique solutions in
the cluster. The system often goes back to the same
solutions.

The first two metrics characterize a cluster in terms of fitness
while the last two in terms of their binary representation,
namely in terms of the decisions taken by the ants. The
theoretical optimum is calculated using a deterministic Branch
& Bound search algorithm developed for testing purposes.
Given these metrics, a performance improvement is given by
an increase of FM and a reduction of FSD. HO and SD are
interesting metrics to monitor to understand the type of cluster
generated by the system. The value associated to these metrics,
presented in the next subsections, are the average values of
these metrics among all the clusters generated in each run, all
the number of runs for each problem and all the problems for
each test case.

B. Change Number
This test analyses the system’s performance for different

type of run where we vary the number of changes per run.
The frequency of changes is fixed to chT = 500 timestep
which, given acp = 150, it means very frequent changes. It is
not possible to consider more frequent changes because the
clusters will not have enough elements to provide reliable
metrics. The severity is chSev SC = 1 and in case of U
changes is chSev HD = 2 which translates to a problem
variation of 5-10%. Table III shows the results in the case we
perform A/R changes; each row corresponds to a different
value for chN . Table IV is the output of a test with the
same setup but performing U changes. In both the cases, it
is possible to note a clear improvement of performances, as
chN increases. This trend is asymptotic and for chN = 5
is close to its maximum. These results demonstrate that the
system can successfully adapt to the problem changes and
that it is even able to improve its performance thanks to the
knowledge acquired during the previous explorations.



TABLE III
TEST: VARYING chN . A/R CHANGES, chT = 500, chSev SC = 1

chN FM FSD HO SD

0 82.81 4.55 1.50 3.91
1 85.20 3.76 1.48 3.79
2 86.18 3.52 1.49 3.66
3 86.56 3.43 1.49 3.61
4 87.05 3.37 1.48 3.52
5 87.35 3.25 1.48 3.50
6 87.60 3.20 1.48 3.41
7 87.64 3.14 1.47 3.43
8 87.89 3.12 1.47 3.36
9 87.90 3.06 1.47 3.36

TABLE IV
TEST: VARYING chN . U CHANGES,

chT = 500, chSev SC = 1, chSev HD = 2

chN FM FSD HO SD

0 82.41 4.22 1.49 4.16
1 84.53 3.93 1.51 4.01
2 85.41 3.63 1.52 3.92
3 86.25 3.53 1.54 3.83
4 86.64 3.49 1.55 3.81
5 87.18 3.28 1.52 3.75
6 87.32 3.29 1.54 3.73
7 87.44 3.29 1.54 3.69
8 87.51 3.29 1.54 3.70
9 87.66 3.21 1.54 3.70

C. Change Time Interval

In the previous test the changes time interval was fixed. The
cluster performance clearly depends on this parameter because
it affects the number of element of the cluster. Bigger is the
cluster, more are the chances to find better solutions. Table V
demonstrates this trend for 2 test cases: A/R changes and U
changes. The number of changes per run is fixed, chN = 5.
Moreover, table V shows the results for a further test case,
called Static where chN = 0. Comparing its performance
with the other two, it is interesting to note that the difference
between them becomes negligible for chT > 4000. This
means that for high values of the time interval between
changes the problem is almost static.

D. Change Severity

The last test dimension analysed is the change severity.
We expect that if a change provokes a large variation of the
problem, it will almost create a new problem. In such a case
the knowledge of the previous explorations will not provide
any benefits. In table VI we vary the severity defined as
number of simultaneous changes, chSev SC. We use two test
cases: A/R changes and U changes. The results clearly show
a decrease of performance as the severity increases. Table VII
instead shows a test where we vary the severity defined as
chSev HD. In this case we can only consider the test case
with U changes. It is interesting to note that in this case no

TABLE V
TEST: VARYING chT . nCh = 5, chSev SC = 1, chSev HD = 2

chT Test Case FM FSD HO SD

500 Static 82.66 4.5 1.5 3.96
A/R 87.39 3.33 1.49 3.47
U 87.13 3.34 1.53 3.75

1000 Static 85.72 6.23 2.35 3.73
A/R 89.63 4.35 2.16 3.22
U 89.49 4.34 2.27 3.47

2000 Static 88.76 6.35 3.62 3.48
A/R 91.26 4.86 3.21 3.09
U 91.28 4.76 3.32 3.23

4000 Static 90.56 6.4 5.54 3.34
A/R 92.2 5.27 4.98 3.01
U 92.51 5.09 4.99 3.1

TABLE VI
TEST: VARYING chSev SC . nCh = 5, chT = 500, chSev HD = 2

chSev SC Test Case FM FSD HO SD

1 A/R 87.35 3.25 1.48 3.5
U 87.18 3.28 1.52 3.75

2 A/R 86.96 3.65 1.52 3.44
U 85.46 4.22 1.68 3.85

3 A/R 85.69 4.28 1.57 3.41
U 83.24 5.23 1.77 4.06

4 A/R 85.02 4.62 1.59 3.6
U 80.61 6.23 1.86 4.6

5 A/R 83.96 4.65 1.6 3.75
U 79.89 6.8 1.87 4.64

TABLE VII
TEST: VARYING chSev HD. nCh = 5, chT = 500, chSev SC = 1

chSev HD FM FSD HO SD

2 87.18 3.28 1.52 3.75
4 86.49 3.55 1.59 3.85
6 87.38 3.42 1.57 4.05

performance degradation can be observed. The system looks
very robust respect this type of change.

The test showed in table VIII highlights the performance
degradation observed in case of changes with high severity. In
this test we compare two couples of test cases: the first regards
A/R changes while the second couple regards U changes.
For each couple we compare a test case at low severity,
chSev SC = 1 with one at high severity, chSev SC = 5.
We analyse the trend varying chN . As shown in Subsection
VI-C, the performances tends to improve as chN increases.
However for severity chSev SC = 5, the trend is completely
different. For A/R changes, the performance is constant sug-
gesting that the knowledge of the previous explorations is not
providing any benefits. For U changes, we assist performance
degradation; in this case the this knowledge is hindering the
new explorations.



TABLE VIII
TEST: VARYING chSev SC AND chN . chT = 500, chSev HD = 2

chN Test Case FM FSD HO SD

1 A/R-1SC 85.2 3.76 1.48 3.79
A/R-5SC 83.39 4.37 1.53 4.06
U-1SC 84.53 3.93 1.51 4.01
U-5SC 81.35 5.26 1.66 4.25

3 A/R-1SC 86.56 3.43 1.49 3.61
A/R-5SC 83.69 4.72 1.59 3.85
U-1SC 86.25 3.53 1.54 3.83
U-5SC 80.26 6.17 1.8 4.55

5 A/R-1SC 87.35 3.25 1.48 3.5
A/R-5SC 83.96 4.65 1.6 3.75
U-1SC 87.18 3.28 1.52 3.75
U-5SC 79.89 6.8 1.87 4.64

7 A/R-1SC 87.64 3.14 1.47 3.43
A/R-5SC 84.1 4.75 1.61 3.68
U-1SC 87.44 3.29 1.54 3.69
U-5SC 79.49 6.95 1.89 4.68

E. Results

The tests presented in this section show that the system
developed can successfully adapt to the problem changes. The
metrics HO and SD present values fairly constant along all
the tests. These values show that the clusters generated by
the system are always compact and close to the theoretical
optimum. Moreover, Subsection VI-B shows a remarkable
phenomenon, the knowledge acquired during the previous
explorations is able to increase the fitness mean by 5%.
This benefit decreases as the time interval between changes
increases because the problem becomes more static and the
system has enough time to explore the current problem, as
shown in Subsection VI-C. Finally, Subsection VI-D puts in
evidence that as the severity of changes increases the problem
is subjected to a larger variation, therefore the knowledge of
the previous explorations becomes less profitable and in same
cases provokes performance degradation.

VII. CONCLUSIONS

The main contribution of this paper is in presenting a
new algorithm capable of exploiting changes in the system’s
stability in order to improve its adaptability to dynamic binary
chains. This algorithm is based on a solid analytical model
describing the ACO paradigm in terms of dynamical systems.
The paper presents the key concepts of this model, showing
that the system’s stability can be controlled by the pheromone
amplification parameter, α. We analyse its impact on the
convergence time and the system’s dynamics in the case of
dynamic binary chains. These concepts are necessary to sup-
port our argument in designing a ACO system that regulates
the tradeoff of exploration/exploitation by dynamic variations
of the pheromone amplification parameter. This allows the
system’s convergence to be controlled and improved, creating
a system that as a whole is able to adapt to the changing

environment. Section VI offers a complete analysis of the
adaptation capability of the system developed.

Future investigations see the extension to new adaptive
strategies for the dynamic variations of α. The analytical
model could incorporate different graphical representations to
broaden its range of applications. Lastly, the system could be
applied to self-organizing multi agent systems for industrial
applications where the main requirement is the control and
the adaptation of the long-term behaviours.
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[15] T. Stützle, M. lopez Ibanez, P. Pellegrini, M. Montes De Oca, M. Birat-
tari, and M. Dorigo, “Parameter adaptation in ant colony optimization,”
IRIDIA-Universite Libre de Bruxelles, Bruxelles, Tech. Rep., 2010.



[16] D. Anghinolfi, A. Boccalatte, M. Paolucci, and C. Vecchiola, “Per-
formance evaluation of an adaptive ant colony optimization applied
to single machine scheduling,” in Simulated Evolution and Learning.
Springer Berlin Heidelberg, 2008, pp. 411–420.

[17] M. L. Pilat and T. White, “Using genetic algorithms to optimize acs-tsp,”
in Proceedings of the Third International Workshop on Ant Algorithms.
London, UK, UK: Springer-Verlag, 2002, pp. 282–287.


