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Abstract

Control moment gyroscope (CMG) steering laws, including those that use the Moore-Penrose pseudoin-
verse, typically do not return the CMG gimbal angles to their initial values at the end of a manoeuvre. This
paper shows that this is due, in part, to the manner in which the manoeuvre interacts with the singularities
of the system. It describes these singularities and defines a class of integrable exact generalized steering
laws which do reset the gimbal angles for manoeuvres which do not pass through singularities or loop in a
homotopically non-trivial way around lines of cusp singularities.
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1 Introduction

Single gimbal control moment gyroscopes (CMGs)
are momentum exchange devices that consist of a
wheel spinning at a constant rate about a spindle
which can be gimballed about an axis g. The spinning
wheel creates a torque vector n and angular momen-
tum vector h which are orthogonal to each other and
to g. CMGs are considered to be good actuators for
spacecraft due to their high accuracy and torque pro-
ducing capabilities. However, despite their benefits,
they remain largely unused in commercial spacecraft
due to singularity problems [2]. Singularities occur
when all the torque vectors are perpendicular to a
direction u (called the singular direction). At these
points the angular momentum cannot be varied in
the direction u.

Three or more CMGs are required for full three axis
control. Much work has gone into considering sys-
tems of four CMGs since this is the minimum number
of CMGs required for full three axis control with re-
dundancy. In particular considerable effort has gone
into developing steering laws for a four CMG pyra-
mid configuration for which the four gimbal axes are
perpendicular to the faces of a square based pyramid
with pyramid angle 54.73 degrees. This is because the
maximum momentum capability in each direction for
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this system, known as the momentum envelope, is
close to spherical [10].

The singularities for the pyramid configuration are
shown in [12] and [14]. Singularities can be cate-
gorized into passable and impassable depending on
whether it is possible to escape them [9]. The im-
passable singularities for the pyramid configuration
are illustrated in [3].

Many different steering laws have been developed
to calculate the change in gimbal angles required to
produce the desired change in angular momentum
whilst avoiding or escaping these singularities. Many
of these are based upon the Moore-Penrose pseudoin-
verse [2]. However these ‘exact’ steering laws usually
encounter problems with singularities.

A number of different ‘singularity robust’ steering
laws have been developed to reduce the problems as-
sociated with singularities [5], [11], [13]. These laws
add small perturbations inside the Moore-Penrose
pseudoinverse to prevent them from reaching singular
states. These perturbations cause small torque errors
and so the steering laws are no longer exact.

Exact steering laws based upon the Moore-Penrose
pseudoinverse, and which do not cause torque errors,
have been developed in [7] and [4]. These steering
laws make use of null motions [6], which are gimbal
movements that do not change the net angular mo-
mentum.

Steering laws are typically designed to start from a
set of ‘preferred’ gimbal angles. However they do not
always return the gimbal angles to the same values
at the end of the manoeuvre. This is illustrated by
tracking a small loop in the hy − hz plane in angular
momentum space using the Moore-Penrose steering
law for the classic pyramid configuration. The loop
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in angular momentum space is plotted in figure (1).
The initial gimbal angles are chosen as δ1 = δ3 = 0.5
and δ2 = δ4 = −0.5. The differences δ(t) − δ(0)
are plotted for the four gimbal angles in figure (2).
Although the angular momentum returns to zero the
gimbal angles do not return to their initial values.

Figure 1: A loop in angular momentum space in the
hy − hz plane.

Figure 2: The gimbal angle displacements δ − δ(0)
as functions of time for the loop in angular momen-
tum space shown in figure 1 using the Moore-Penrose
pseudoinverse. The dashed line represents the initial
gimbal angle states.

This lack of ‘resetting’ of the gimbal angles to pre-
ferred values may cause problems for some applica-
tions for which it is necessary to perform a series of
attitude manoeuvres in quick succession. For exam-
ple an Earth imaging spacecraft may need to take a
number of images which require the camera to point
in different directions. Starting from a non-preferred
set of gimbal angles may increase the chance that a
singularity will be hit during the manoeuvre.

This paper explores conditions on exact steering
laws which determine whether the final gimbal angle
state equals the initial gimbal angle state. In par-
ticular it describes a set of conditions on the steering
law and manoeuvre which guarantees that the gimbal
angles do return to their initial set.

2 CMG systems

It is assumed that the spacecraft is controlled by
a collection of N CMGs with gimbal axes g

i
, i =

1, · · · , N in various orientations related to the space-
craft. The set of orientations of the N gimbal axes is
known as the configuration of the CMG system. The
N gimbal angles are denoted δ1, · · · , δN , and assem-
bled into the vector δ = (δ1 · · · δN )T . A particular
set of orientations of the angular momentum vectors
is chosen to give the nominal orientations, and for
these δ1 = · · · = δN = 0. The angular momen-
tum vector of each CMG, hi(δi), rotates anticlock-
wise about g

i
from hi(0) as δi is increased, and has

magnitude |hi| = 1. The torque vector is

ni(δi) =
∂hi
∂δi

= g
i
× hi(δi).

The net angular momentum of the CMG system is
given by:

h =

N∑
i=1

hi.

The spacecraft is assumed to have no momentum bias
and so the preferred gimbal angles are chosen so that
h = 0.

2.1 Steering laws

To perform a manoeuvre the CMG system has to
traverse an appropriate path through the space of all
possible net angular momentum states. Given such a
path, h(t), a steering law calculates a path in gimbal
angle space, δ(t), that will yield the desired path in
angular momentum space.

Differentiating the net angular momentum with re-
spect to time gives:

ḣ =

N∑
i=1

∂hi
∂δi

δ̇i =

N∑
i=1

niδ̇i = Aδ̇ (1)

where A is the 3×N matrix whose columns are the N
torque vectors. A steering law inverts this relation-
ship. If N > 3, A is not square and therefore A−1

does not exist and in general there will be infinitely
many inverse solutions of equation (1). The Moore-
Penrose pseudoinverse gives one of these solutions:

δ̇ = AT (AAT )−1ḣ.

2.2 Null motions

Null motions are gimbal angle motions which do not
affect the angular momentum. Generally these are
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present in systems of greater than three CMGs al-
though there are also degenerate systems with fewer
CMGs which possess this property.

Consider the equation Aδ̇ = ḣ for a CMG system
with N > 3 CMGs. For a null motion all elements of
ḣ must be zero and so δ̇ must belong to the kernel of
A: ḣ = Aδ̇ = 0. Therefore δ̇ must be perpendicular
to each row of A. There are at least N − 3 vectors
which are mutually orthogonal and are orthogonal to
all rows of A. If the rank of A is equal to 2, and
so the system is in a singular state (see below) then
N−2 vectors which are orthogonal to each other and
all the rows of A can be found since the latter only
span a two dimensional space. These vectors span
the kernel.

2.3 Singular surfaces

The system becomes singular when the N torque vec-
tors lie in a two dimensional plane perpendicular to
the singular direction u. The rows of A are then
linearly dependent and A has rank 2. The Moore-
Penrose pseudoinverse steering law requires the ma-
trix AAT to be inverted, but this is not possible at
singularities as the matrix AAT also becomes singular
at these points.

For u to be a singular direction it is necessary that:

u.ni = 0 ∀ i.

Since ni is also perpendicular to g
i
, at a singularity

this means:

nsi = ±
u× g

i

|u× g
i
|
∀ i

and
hsi = nsi × gi.

Therefore, for every direction in space other than g
i
,

there exist 2N points in angular momentum space
for which this direction is the singular direction u.
At these points the N individual angular momen-
tum vectors have either maximum or minimum pro-
jections onto u. As u is perturbed, each of the 2N

points in angular momentum space is perturbed and
therefore these individual singularities form surfaces
in angular momentum space [2].

Singularities can be classified into ‘passable’ or ‘im-
passable’ or, equivalently, ‘hyperbolic’ or ‘elliptic’.
A singularity is said to be hyperbolic if varying the
gimbal angles in null directions can result in a non-
singular gimbal angle state. Otherwise they are said
to be elliptic. The locus of the maximum attainable
angular momentum in each direction forms an ellip-
tic singular surface which is known as the ‘momentum
envelope’. A full description of this classification of
singularities is given in [6].

3 Generalized steering laws

In general an exact steering law is one which inverts
equation (1) without any errors. For any non-singular
3×N matrix U , the product AUT will be an invertible
3×3 matrix if A and U both have rank 3 and kerA∩
im UT = {0}. Then we can write equation (1) as,

ḣ = (AUT )(AUT )−1ḣ = A(UT (AUT )−1)ḣ = Aδ̇.

Therefore exact steering laws can be obtained as:

δ̇ = UT (AUT )−1ḣ. (2)

The choice of U defines how the gimbal angles move
through the null space. The Moore-Penrose steering
law is the special case with U = A. Mathematically
U defines a connection on the fibre bundle defined by
f away from its singularities.

Theorem 3.1 The exact steering law (2) depends
only on the kernel of U .

Proof If U and V have the same kernel then the
space spanned by the set of row vectors of U is equal
to that spanned by the set of row vectors of V . It
follows that there exists an invertible 3× 3 matrix B
such that U = BV and so

UT (AUT )−1 = V TBT (AV TBT )−1

= V TBT (BT )−1(AV T )−1

= V T (AV T )−1.

2

The theorem implies that U can be chosen by sim-
ply choosing a set of vectors {U4, · · · , UN} to be the
kernel of U and then finding any linearly indepen-
dent set of 3 vectors which are all perpendicular to
{U4, · · · , UN} and setting these to be the rows of U .
If the rows of U are chosen to be orthogonal they
cannot become linearly dependent and U will never
be singular. Notice that applying the steering law (2)
results in δ̇ lying in the image of UT , and hence the
orthogonal complement to the kernel of U .

4 Singularities

The aim is to construct exact steering laws which
return the gimbal angles to their initial values after
tracking a closed path in angular momentum space.
This is equivalent to requiring that closed loops in an-
gular momentum space lift to closed loops in gimbal
angle space. Assume that the initial and final gimbal
angle states have zero net angular momentum. It is
shown below that there are three mechanisms which
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may lead to an exact steering law not returning the
gimbal angles to their initial values at the end of the
manoeuvre. These can be summarised by saying that
the path in gimbal angle space:

• passes through a ‘fold’ singularity;

• goes round a ‘cusp’ singularity;

• drifts along the null space.

In this section the singularity theory that is needed
to explain the first two of these is introduced. The
third is covered in section 5.

4.1 Behaviour at singularities

Infinitesimal changes in angular momentum can be
expressed as Taylor series in infinitesimal changes in
gimbal angles. These Taylor series are used to de-
scribe the local geometry of steering laws near sin-
gularities by employing the methods of ‘catastrophe
theory’ to put them into normal forms using changes
of coordinates (see eg [1]).

4.1.1 Co-ordinate changes

The linearization of h as a function of δ is given by:

∆h = A∆δ =

N∑
i=1

ni∆δi =

N∑
i=1

∂h

∂δi
∆δi (3)

where ∆h is a small change in h and ∆δi a small
change in δi. When the system is singular all the
torque vectors ni lie in a plane perpendicular to the
singular direction u, and so for all ∆δ the vector ∆h
also lies in this plane. It follows that in the direction
perpendicular to this plane (the singular direction)
the linear term of the Taylor series is zero and the
higher order terms will be dominant. In this case the
linearization is not a good approximation for ∆h.

To obtain a good approximation for ∆h higher or-
der terms must be considered. The interest is in the
relationship between the gimbal angles and the an-
gular momentum in the singular direction. Linear
changes of co-ordinates in gimbal angle space and an-
gular momentum space can be performed to align the
singular direction in angular momentum space with
a coordinate axis as follows. The singular value de-
composition of the matrix A gives

A = CΣB

where B is an orthogonal N × N matrix whose
columns are eigenvectors of ATA, while C is an or-
thogonal 3×3 matrix whose columns are eigenvectors
of AAT . The matrix Σ is the 3 × N matrix (0,Σ1)

where Σ1 is the 3 × 3 diagonal matrix whose entries
are the square roots of the eigenvalues of AAT . If,
as assumed here, the matrix A has rank 2, then one
of the eigenvalues of AAT will be zero and therefore
one of the diagonal elements of Σ1 will be zero. This
can be choosen to be the top left element.

Applying matrix B to δ effects a linear change of
co-ordinates aligning the kernel of A with the space
spanned by the first N − 2 coordinate axes in gimbal
angle space. Applying C−1 to h aligns the singular
direction in angular momentum space with the first
coordinate axis. Applying both these changes of co-
ordinates to

∆h = A∆δ

gives
C−1∆h = ΣB∆δ.

The application of Σ to Bδ just scales the co-ordinate
axes in gimbal angle space. Now define

h̄ = C−1h

δ̄ = ΣBδ.

Differentiating h̄(δ̄) = C−1h(ΣBδ) gives

∆h̄(δ̄) = C−1∆h(ΣBδ) (4)

=

(
01×N−2 01×2

02×N−2 I2

)
∆δ̄ (5)

where 0i×j is the matrix with i rows and j columns
whose elements are all 0 and I2 is the 2 × 2 identity
matrix. Therefore,

h̄(δ̄) =

(
h̄u(δ̄)
h̄v(δ̄)

)
=

(
h̄u(δ̄)

δ̄2 + h.o.t

)
where h̄u(δ̄) is the component of h̄ in the singular di-
rection in angular momentum space and δ̄ has been
decomposed into a component δ̄1 in the N − 2 di-
mensional kernel of A and a component δ̄2 in its 2
dimensional complement:

δ̄ =

(
δ̄1
δ̄2

)
.

Figure (3) shows the direction h̄u(100)T in relation to
the singular surface at a point on the singular surface.

Define new co-ordinates:

δ̂1 = δ̄1

δ̂2 = h̄v(δ̄1, δ̄2).

By the implicit function theorem the relationship be-
tween δ̂2 and δ̄2 can be inverted to obtain

δ̄2 = δ̄2(δ̂1, δ̂2)
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Figure 3: The vector h̄u(100)T points in the direction
perpendicular to the tangent plane of the singular
surface.

and so, in these new co-ordinates, h̄ becomes

ĥ(δ̂) =

(
ĥu(δ̂1, δ̂2)

δ̂2

)
=

(
h̄u(δ̂1, δ̄2(δ̂1, δ̂2))

δ̂2

)
.

(6)

Thus two of the coordinate axes in δ̂ space have been
identified with two of the coordinate axes in ĥ space.

To illustrate the geometry of these mappings on
the page it is useful to use a coordinate system where
the first axis represents the N − 2 dimensional space
δ̂1, the second axis represents the 2 dimensional space

δ̂2, which can also be identified with the space of non-
singular directions in angular momentum space, and
the third axis represents the component of the an-
gular momentum space in the singular direction, ĥu.
The graph of ĥ(δ̂1, δ̂2) is represented by a two dimen-
sional sheet in this space and the mapping from gim-
bal angle space to angular momentum space is given
by the projection from this sheet to the coordinate
plane spanned by the second two axes.

4.1.2 Catastrophes

To determine the geometry of ĥ(δ̂1, δ̂2) near a singu-
lar point consider the Taylor series of the the compo-
nent of the angular momentum space in the singular
direction, ĥu(δ̂1, δ̂2), with respect to the singular di-

rections δ̂1 in gimbal angle space:

∆ĥu =

N−2∑
i=1

∂ĥu

∂δ̂1i
∆δ̂1i +

1

2

N−2∑
i,j=1

∂2ĥu

∂δ̂1i∂δ̂1j
∆δ̂1i∆δ̂1j

+
1

6

N−2∑
i,j,k=1

∂3ĥu

∂δ̂1i∂δ̂1j∂δ̂1k
∆δ̂1i∆δ̂1j∆δ̂1k + h.o.t (7)

where

δ̂1 = [δ̂11, · · · , δ̂1(N−2)]
T .

At a singular point the linear terms in this expan-
sion vanish. Typically this is expected to happen at
isolated points in δ̂1 space, and hence along 2 dimen-
sional surfaces in the whole of gimbal angle space.
These surfaces also map to 2 dimensional surfaces
in angular space. Note however that in the visual
representation described above these 2 dimensional
surfaces both become 1 dimensional lines.

At a singular point higher order terms in the Tay-
lor series expansion need to be considered to deter-
mine more precisely the ‘shape’ of the mapping from
gimbal angle space to angular momentum space at a
singular point. This is done in the next three subsec-
tions.

4.1.3 The fold catastrophe

Typically it is expected that at most singular points
the quadratic terms in the Taylor series expansion (7)
will define a nondegenerate quadratic form. At such
points:

ĥ(δ̂)− ĥ(0) =

(
Q(δ̂1) + h.o.t.

δ̂2

)
(8)

where Q(δ̂1) is a nondegenerate quadratic form in δ̂1
and the higher order terms are at least cubic in δ̂1
and δ̂2. For notational simplicity it is assumed that
the singular point in gimbal angle space is given by
δ̂ = 0. The methods of catastrophe theory show that
a further coordinate change can be performed to
eliminate the higher order terms. The set of gimbal
angles that maps to a given angular momentum
value is therefore an N − 3 dimensional quadric
surface of the form Q(δ̂1) = c for some constant
c which depends on the angular momentum value.
On the singular surface itself c = 0. If Q is either
positive or negative definite then on one side of
the singular surface in angular momentum space
there are no gimbal angles that map to the angular
momentum values while on the other there is a whole
(topological) N − 3 dimensional sphere’s worth of
them. These are elliptic (impassable) singularities.
If Q is indefinite then the singularity is hyperbolic
(passable). When N = 3 the quadratic form is
always definite (provided it is non zero) and so, as
the angular momentum value passes through the
singular surface, two sets of gimbal angles that give
the same angular momentum value come together
and then vanish. This is the case that is illustrated
in figure (4). This type of singularity is called a fold
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Figure 4: The fold catastrophe.

catastrophe [1].

It can be seen in the figure that there exist two
sheets in gimbal angle space which map to the same
area in angular momentum space. By following a
path through the singularity it is possible to move
from one sheet to the other. This passage from one
sheet to another can result in the gimbal angles re-
turning at the end of a manoeuvre to a different h = 0
state than it started at.

4.1.4 The cusp catastrophe

The quadratic form in equation (7) typically degen-
erates along an N - 2 dimensional subset of the set of
singular gimbal angles, and hence along lines in angu-
lar momentum space. In this case cubic terms need
to be considered in equation (7). This type of sin-
gularity is a cusp catastrophe [1] and at such a point
coordinates can be chosen so that the normal form
(7) is replaced by:

ĥ(δ̂)− ĥ(0) =

(
aδ̂311 + bδ̂211δ̂21 + Q̃+ h.o.t.

δ̂2

)
(9)

for some constants a and b, provided non-degeneracy
conditions that ensure a 6= 0 6= b are satisfied. Here
Q̃ is a nondegenerate quadratic form in the N − 3
variables δ̂12, . . . , δ̂1(N−2). Again a further transfor-
mation can eliminate the higher order terms. The
mapping from gimbal angle space to angular momen-
tum space for this case is plotted in figure (5).

The figure shows two lines of fold catastrophes
meeting at the cusp catastrophe. Projecting the sur-
face in figure (5) onto the (h̄u, h̄v = δ̂2) plane the cusp

appears as a point. However the δ̂2 = h̄v axis rep-

Figure 5: The cusp catastrophe.

resents two dimensions in angular momentum space
and so the cusp singularities occur along a curve.

In the case N = 3, three different sets of gimbal
angles near the singular set map to each angular mo-
mentum point that lies between the fold surfaces in-
side the cusp. These disappear in pairs as fold lines
are crossed, so that outside the cusp only a single
nearby set of gimbal angles maps to each angular mo-
mentum point. Thus there are three different sheets
of the singular surface which map to the area inside
the cusp. The middle sheet becomes singular at both
the fold singularities, while the sheet to the left of fig-
ure (5) only becomes singular on the lower fold and
the sheet to the right of figure (5) only becomes sin-
gular on the upper fold. This distinguishes between
the two different fold singularities.

Consider now a path which begins at a point in
gimbal angle space on the sheet to the left of figure
(5), where the mapping to angular momentum space
is three to one. Let the path follow a loop in angu-
lar momentum space which avoids all singularities,
but loops around the cusp point and returns to the
same point in angular momentum space. The angu-
lar momentum has returned to its initial state but
the gimbal angles have not returned to their initial
set as the path in gimbal angle space is now on the
sheet to the right of figure (5).

This behaviour will persist no matter how the loop
is deformed in angular momentum space, provided
the deformation doesn’t cause any point on the loop
to pass through a line of cusp points. Define a loop
that can’t be deformed to a trivial point loop without
passing through cusp lines to be homotopically non-
trivial.

When N = 4 the set of gimbal angles mapping to
a given angular momentum is one dimensional. As a
path crosses a fold surface into the cusp region this
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curve gives birth to a new disconnected circle of gim-
bal angles which continues to exist until the second
fold surface is crossed. At that point it again disap-
pears. When N > 4 the geometry is more compli-
cated, and depends on whether the quadratic form Q̃
is definite or not.

4.1.5 More degenerate singularities

More degenerate singularities can occur at isolated
points on the curve of cusp singularities in angular
momentum space. Typically these take the form of
swallowtails. Figures analogous to those for fold and
cusp singularities above can be seen in [1]. At such
points three surfaces of fold points and two lines of
cusp points converge. They can clearly be seen in
the figures in [12] and [14], for example. Symmetries
can force even more degenerate singularities. For ex-
ample invariance under a reflection can give rise to
symmetric butterfly points [15]. Note however that
corank two singularities (umbilics in the terminology
of [1]), at which A has rank 1, can only occur for very
degenerate CMG systems.

4.2 Resetting for N = 3

The above discussion shows that when N = 3 the
map h ‘folds’ the gimble angle space over angu-
lar momentum space R3. The fold points form 2-
dimensional surfaces, which themselves become sin-
gular along lines of cusp points. A closed curve in
angular momentum space beginning and ending at
h = 0 will typically pass through the surface of sin-
gularities a finite number of times. They will also
typically avoid the cusp curves, but may loop round
them in a homotopically non-trivial manner. If nei-
ther of these happens then the gimble angles will be
reset when h returns to 0.

5 Integrable steering laws

In this section we describe a class of generalized ex-
act steering laws for N > 3 which reset the gimble
angles for closed paths in angular momentum space
that don’t cross fold singularities or go round cusp
singularities.
A steering law for a CMG system can be specified
by enforcing a constraint f(δ) = 0, where f : RN →
RN−3. This constraint effectively supplements the
map h : RN → R3, to give a map (h, f) : RN → RN ,
and removes the gimbal angle null motions that oc-
cur for redundant systems. The steering law is then

given by:

δ̇ = A−1
f

(
ḣ
0

)
(10)

where

Af =

(
A
df

)
. (11)

Such steering laws will be said to be integrable as
mathematically they correspond to integrable con-
nections. The matrix Af is invertible if and only if
the restriction of df to kerA is invertible. Note that
this can only hold away from singularities of A, and
so the steering law (11) will still be singular at singu-
larities of the original system. It will also be singular
at points where df drops rank.

The following result says that these integrable
steering laws are generalised exact steering law of the
type given by equation (2).

Theorem 5.1 An integrable steering law of the
form:

δ̇ = A−1
f

(
ḣ
0

)
, (12)

is equivalent to a generalised exact steering law of the
form:

δ̇ = UT (AUT )−1ḣ (13)

where kerU is imdfT , the image of dfT .

Proof Comparing (12) and (13) shows that matrices
U and B are needed such that:

A−1
f =

(
UT

(
AUT

)−1
B
)
.

Since

Af =

(
A
df

)
this is equivalent to finding U and B such that:

AUT
(
AUT

)−1
= I3

AB = 0

dfUT
(
AUT

)−1
= 0

dfB = IN−3.

The first of these equations is automatically satis-
fied, while the third holds for any matrix U such that
kerU = im dfT . The matrix B is that of the inverse
of df restricted to kerA. 2

Assume that the constraint f = 0 is smooth, in
other words 0 is a not a critical value of f , and so
the subset of gimbal angle space defined by f = 0
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is a smooth 3-dimensional submanifold of gimbal an-
gle space. The integrable steering law given by (13)
is equivalent to that given by restricting h to this
submanifold. This restricted steering law has no re-
dundancy and so its singularities behave in exactly
the same manner as those for the case N = 3 in sec-
tion 4.1. The arguments of section 4.2 therefore give
the following theorem.

Theorem 5.2 A closed curve in angular momentum
space which does not pass though any singularities of
the restriction of h to f = 0, or loop in a homo-
topically non-trivial way around a cusp curve of this
restriction, lifts via the steering law to a closed curve
in gimbal angle space.

In other words paths in angular momentum space
which satisfy the conditions listed in the theorem re-
set the gimbal angles.

5.1 Choice of the function, f

A constrained (and therefore integrable) version of
the classical pyramid configuration is explored in [8].
In this case f(δ) = δ1 − δ2 + δ3 − δ4 and c = 0. In
general the gimbal angles will return to their initial
state at the end of the manoeuvre for this steering
law, provided the loop in angular momentum space
does not pass through a surface of fold points or loop
in a homotopically non-trivial manner around a curve
of cusp points. Note however that constraining the
gimbal angles will reduce the momentum envelope in
certain directions as the constraint cannot be satisfied
at all points within the momentum envelope of this
system. In order to make full use of the momentum
envelope different constraints may have to be used for
different manoeuvres.

To define an integrable steering law that makes op-
timal use of the momentum envelope, a constraint
function f is needed which is satisfied at an appro-
priate point on the momentum envelope and at the
desired h = 0 gimbal angle state. However fixing
such a constraint does not guarantee the existence
of a constrained path without singularities from the
zero net angular momentum state to the envelope.

Consider a path from zero net angular momentum
to the momentum envelope in the hx direction us-
ing four CMGs in the classical square based pyramid
configuration. Then:

g1 =
[

sinβ 0 cosβ
]T

g2 =
[

0 sinβ cosβ
]T

g3 =
[
− sinβ 0 cosβ

]T
g4 =

[
0 − sinβ cosβ

]T

with β = 54.73 deg. The gimbal angles δ1, δ2, δ3 and
δ4 are defined so that

h1(0) =
[

0 1 0
]T

h2(0) =
[
−1 0 0

]T
h3(0) =

[
0 −1 0

]T
h4(0) =

[
1 0 0

]T
.

The angular momentum of this system is then:

h =

 −cβ sin δ1 − cos δ2 + cβ sin δ3 + cos δ4
cos δ1 − cβ sin δ2 − cos δ3 + cβ sin δ4
sβ(sin δ1 + sin δ2 + sin δ3 + sin δ4)


where cβ = cosβ and sβ = sinβ. Consider the zero
net angular momentum state:

δ1 = δ2 = δ3 = δ4 = π. (14)

The gimbal configuration which maps to the point on
the envelope in the hx direction in angular momen-
tum space is

δ1 = −π/2 δ2 = π δ3 = π/2 δ4 = 0. (15)

At this point h = [3.15 0 0]T . The following con-
straints:

f1 = δ1 + 2δ2 + δ3 − δ4 − π = 0 mod 2π

f2 = −δ1 + δ2 + δ3 + δ4 = 0 mod 2π.

are both satisfied at the zero net angular momentum
point (14) and at the point (15) on the momentum
envelope.

First consider f1, with

df1 = [−1 2 1 − 1]T .

This is substituted into Af in equation (11) and
used in the integrable steering law described in
equation (10), along with the command to follow a
path in angular momentum space in the hx direction
until a singularity is reached, and then return to
zero net angular momentum. The path in angular
momentum space is plotted against time in figure
(6). The direction of angular momentum does not
change throughout the manoeuvre however the
velocity at which the path is traversed does change.
The gimbal angle movements required to follow this
path are calculated using equation (10), and δ− δ(0)
for each gimbal angle is plotted against time in figure
(7). These figures show that using the constraint
f1 the desired point on the momentum envelope is
reached: at the midpoint of each plot the gimbal
angles are given by (15) and the angular momentum

8



Figure 6: Angular momentum in the hx direction
plotted against time for a path in the direction hx,
when the steering law is given by the constraint
f1 = 0.

Figure 7: The gimbal angle displacement δ − δ(0)
plotted against time for a path in the direction hx,
when the steering law is given by the constraint f1 =
0.

is h = [3.15 0 0]T .

Now consider f2, for which

df2 = [−1 1 1 1]T .

For this case the path in angular momentum space
is plotted against time in figure (8) and δ − δ(0)
is plotted against time in figure (9). In this case
the momentum envelope is not reached, the angular
momentum reaches a maximum of approximately
h = [0.22 0 0]T and then returns to zero.

These examples show that the function f must be
chosen carefully and that different functions may be
required to perform different manoeuvres. Ideally a
function with a low number of zero net angular mo-
mentum states and which does not introduce extra
singularities should be chosen.

Figure 8: Angular momentum in the hx direction
plotted against time for a path in the direction hx,
when the steering law is given by the constraint
f2 = 0.

Figure 9: The gimbal angle displacement δ − δ(0)
plotted against time for a path in the direction hx,
when the steering law is given by the constraint f2 =
0.

5.2 A necessary condition for a steer-
ing law to be integrable

Most exact steering laws do not satisfy the condition
that kerU is the image of df for some constraint map-
ping f , and are therefore not integrable and do not
guarantee returning the gimbal angles to their initial
states at the end of a manoeuvre, even if the path
in angular momentum space is well clear of singular-
ities. The fact that, if f is differentiable, its partial
derivatives satisfy

∂f

∂δi∂δj
=

∂f

∂δj∂δi
∀ i, j

can be used to obtain a necessary condition for a gen-
eralized steering law to be integrable.

For simplicity restrict to the case N = 4, for which
f is just a function. The kernel of U is then one
dimensional and is spanned by

m = [m1 −m2 m3 −m4]

where mi is the determinant of U with the ith column
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removed. If m = df then:

∂mi

∂δj
= (−1)i+j

∂mj

∂δi
∀ i, j. (16)

If this does not hold then the steering law can not be
integrable.

As an example, consider the Moore-Penrose
pseudo-inverse, for which U = A:

U =

 −c1 cosβ s2 c3 cosβ −s4
−s1 −c2 cosβ s3 c4 cosβ

sinβc1 sinβc2 sinβc3 sinβc4


where ci = cos δi and si = sin δi. Assuming A is
nonsingular its kernel is given by m with:

m1 = det

 s2 c3 cosβ −s4
−c2 cosβ s3 c4 cosβ
sinβc2 sinβc3 sinβc4


m2 = det

 −c1 cosβ c3 cosβ −s4
−s1 s3 c4 cosβ

sinβc1 sinβc3 sinβc4


m3 = det

 −c1 cosβ s2 −s4
−s1 −c2 cosβ c4 cosβ

sinβc1 sinβc2 sinβc4


m4 = det

 −c1 cosβ s2 c3 cosβ
−s1 −c2 cosβ s3

sinβc1 sinβc2 sinβc3

 .

Note that for all pairs i 6= j we have that mi is inde-
pendent of δi, and so the same is true of ∂mi

∂δj
. How-

ever
∂mj

∂δi
is not independent of δi. It follows that

the condition (16) does not hold, and so the Moore-
Penrose pseudo-inverse is not integrable. As shown
in the example in the Introduction, it does not reset
gimbal angles.

6 Conclusion

This paper has described the typical singularities that
a CMG angular momentum function h may possess,
and how these may cause gimbal angles to return to
different h = 0 states after manoeuvres. Conversely,
it has defined a class of integrable exact generalized
steering laws which do reset the gimbal angles for ma-
noeuvres given by closed loops in angular momentum
space which do not pass though the surface of singu-
larities or loop in a homotopically non-trivial man-
ner around any lines of cusp points. A test for non-
integrability shows that the Moore-Penrose pseudo-
inverse is not integrable.
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