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Large formations of satellites currently require extensive ground based planning to 

enable formation-wide collision-free reconfiguration. Allowing satellite formations the 

flexibility to execute collision-free reconfiguration operations on-board each spacecraft can 

significantly reduce the ground operations burden and increase the responsiveness of the 

formation to reconfiguration events. An analytic model predictive controller for fuel-

minimized, collision-free trajectory following is developed.  The controller exploits the 

natural dynamics for relative-motion path-following using minimal fuel and requires a 

minimal computational burden. Constraints are handled implicitly and performance 

provides 423 times the fuel savings compared with traditional PID type control at the same 

computational speed. Through hardware testing and comparison with other approaches, 

results also show that constraints can also be handled explicitly while still performing 

significantly faster than similar forms of model predictive control for formation 

reconfiguration.   

I. Introduction 

HE use of multiple satellites to perform a singular mission has many advantages and disadvantages over the 

traditional monolithic satellite system.  One notable mission exploring the fractionated satellite concept is the 

DARPA F6 program [1]. This mission is seeking to deploy a cluster of satellites to perform a common mission via 

distributed operations. Additionally, one of the mission objectives is the “development of safe, autonomous, 

efficient and rapidly re-configurable multi-body cluster flight techniques” including a demonstration of a “rapid 

defensive cluster scatter and re-gather maneuver” [2].  The reconfiguration of a formation typically must be carried 

out by maneuvering each member of that formation. The limiting factor to collision-free reconfiguration on such 
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missions is the available fuel on each spacecraft. Allowing satellites within the formation flexibility to plan and 

execute fuel-optimal maneuvers on-board would significantly reduce the ground operations and increase 

responsiveness to reconfiguration events. The fractionated satellite concept uses smaller satellites which may have 

potentially limited on-board processing capability. Creating an analytic control algorithm for collision-free 

maneuvering, which can operate in a timely manner on a small spacecraft, is necessary to realize the responsiveness 

needed for a fractionated satellite system.   

The PRISMA formation flying mission is an example where model predictive control (MPC) is used for 

individual satellite reconfiguration [3].  Here a trajectory destination is planned via ground input or an A* search 

algorithm and the MPC is used to follow the collision-free path between points.  However the computation time 

needed for sensing, estimating, and execution takes a majority of the flight processor’s time. Reactive collision 

avoidance control, performed without pre-planning, is another way to avoid collisions while reconfiguring [4, 5]. 

However, reactive avoidance measures are not as fuel efficient as pre-planning approaches as they only maneuver 

once a collision is identified. 

The implementation of collision-free path-following and formation control can take several forms from the use 

of a traditional Proportional-Integral-Derivative (PID) control, Sliding Mode control (SMC), H control, Lyapunov 

control, and even Model Predictive Control (MPC) [6-8]. Traditional analytic controllers, like PID, provide control 

inputs very quickly but are reactive to observed state errors and often do not account for natural dynamics. Reactive 

controllers typically use more fuel than controllers which can anticipate system dynamics.  

Model predictive control is one method which anticipates system behavior to proactively correct for observed 

disturbances.  Breger, Richards, and Tillerson successively built model predictive controllers for formation 

reconfiguration, with collision avoidance constraints, using linear programming approaches [9-13].  Gautam and 

Baolin solve an iterative linear matrix inequalities problem as part of the MPC for formation control [14, 15]. 

Bacconi applies an MPC, also known as a receding-horizon strategy, to maintain relative formation geometry [16].  

Shim, Dunbar, Camponogara and others have also looked treating the entire formation as a multiple-input, multiple 

output plant for distributed formation flying [17-19]. Each of these concepts put a heavy computational burden on 

one satellite to compute the collision-free control for that satellite and others in the formation. These approaches are 

well suited for formation stabilization and maintenance but do not lend themselves as naturally to distribution on-

board satellites performing unique reconfigurations due to the computational burden imposed.  



Solving for the future state of nonlinear dynamics using numeric approximation often adds to the computational 

burden of existing approaches. A typical numerical analysis incurs a computational load by arriving at a solution 

through the evaluation of the system at small time-steps to a desired time. Numeric approximations are prone to 

round-off errors, discretization errors, and stability issues [20]. In contrast, an analytic expression is a mathematical 

function that is differentiable at every point in the domain and lends itself readily to a solution [21]. Thus, one can 

directly solve for a solution at the desired time with an analytic expression. For this reason analytic expressions are 

very fast, computationally efficient, and a benefit to forward looking controllers calculating a desired state at some 

future time.    

This paper is the third part in a series of works that develop analytic algorithms for collision-free relative 

maneuvering for use on-board small satellites. An analytic control segment is developed in this paper which 

executes analytic optimal control developed by Palmer [22], while following collision-free paths planned by Sauter 

and Palmer’s [23] approach. The trajectory-following controller executes a planned trajectory in light of any 

disturbances and noise while avoiding collisions with other members of the formation. Because the controller is 

analytic there is a solution available any time a control input is required, it exploits natural dynamics, and it does not 

require large iterative matrix inversions or external solvers typical of traditional MPCs. The analytic solution also 

makes this MPC as fast as common analytic controllers like PID. The ability to correct back to a planned trajectory 

while avoiding collisions is of great importance for the successful implementation of on-board collision-free 

reconfiguration. 

This paper is divided into six sections. Following this introduction, section two discusses why path-following 

control is needed for relative motion reconfiguration. Section three develops the analytic model predictive controller 

for collision-free path-following. Implicit constraint implementation is also discussed. The application, error 

sources, and results of the controller in a reconfiguration example along with a comparison to PID and other control 

results are presented in section four. Section five presents results of hardware verification on typical small-satellite 

processors which highlight the applicability of use for on-board control. Finally, the conclusion illustrates the 

suitability of this approach for distributed real-time collision-free path-following control. 



II. Problem Description 

The focus of this effort is to present a controller for the problem of collision avoidance in relative motion which 

is viable for on-board satellite applications. The goal of the controller is to provide an analytic receding-horizon 

control strategy for trajectory-following which minimizes fuel expenditure subject to implicit collision-free path 

constraints.  The control law must be capable of running on-board a satellite and is also constrained by the thrust 

capability of the satellite’s actuation system. The analytic control law developed builds from and controls to the 

analytic solution for a continuous thrust trajectory with collision avoidance.   

In his earlier paper,  Palmer developed an analytic solution to fuel-optimal reconfiguration using the Hill-

Clohessy-Wiltshire (HCW) equations in the Local Vertical Local Horizontal (LVLH) frame [22, 24, 25] . The 

minimum control to reach any specific terminal state and time for relative motion reconfiguration is given in Ref 

[22]. This approach finds the minimum energy solution analytically for any two-point boundary value problem in 

HCW relative motion as described by:  
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In (1),    is the mean motion of the orbit. In Ref [22], Palmer develops the variable thrust functions as a Fourier 

series appended to the right hand side of (1). He uses optimal control to minimize the Fourier coefficients used.  The 

resulting closed form analytic solutions to the thrust functions for each state are given by:  
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Equations (2) are in terms of the Lagrange parameters,   , or primer vector of the cost function [22, 26]. The 

subscripts refer to the element number of the 6x1    vector. In (2),   
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Building from this work, Sauter and Palmer in Ref [23] developed a semi-analytic approach to collision avoidance 

path planning. The piece-wise optimal avoidance trajectories are constructed around obstacles also using de-coupled 

HCW dynamics [27]. Figure 1 illustrates an in-plane representation of a desired piece-wise optimal reconfiguration 



path around obstacles that are generated from Ref [23].  In the development of the reconfiguration plan, optimal 

trajectory segments are joined around collision events at the points of closest approach to the obstacles. The keep-

out zones used in planning provide a desired safety distance around a satellite, which when aggregated over the 

trajectory, forms a safety-corridor (or keep-in zone) around the trajectory as denoted by the dotted lines in the figure. 

 

Figure 1: Planned Collision-Free Reconfiguration Path (In-Plane) 

Sauter and Palmer [23] illustrate how use of HCW dynamics is adequate for reconfiguration given appropriate 

selection of minimum separation distances or keep-out zones. While cumulatively small during the timespan of a 

reconfiguration, errors caused by using an HCW model and from other disturbances on-orbit, impair the chance of 

successfully executing an open-loop collision-free maneuver. Compensating for such errors drives the need for 

active fuel-optimal control during reconfiguration. The effects of small state errors on the reconfiguration are 

highlighted by a perturbation analysis of the reconfiguration dynamics. The linear dynamics of the optimal 

reconfiguration problem are expressed as: 

 In (3),        is the initial state,            is the state transition matrix over some time T,          is the 

final state, and the matrix     represent the effect on the state from thrust integrated over T [22]. 

Perturbing (3) with a small deviation in the initial relative state,                               , and 

assuming there is no change in the thrust implementation, leads to(4):  

                                        (4) 

Clearly the effect of a small deviation in the relative state from the optimal path will be multiplied by the 

dynamics and the thrust input over time. A deviation to the initial state would necessitate a change in the applied 

thrust to compensate for the error and arrive at the desired destination. Exploring the effects of a deviation in the 

                               (3) 



initial relative state on the required thrust, the state deviation first causes a change in the reconfiguration boundary 

conditions,        as illustrated in: 

Equations (5) and (6) refer to the deviation in boundary constraints for in-plane motion and out-of-plane motion 

respectively. In (5) and (6):          ,     
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, and   is the state transition matrix give in (3) [27]. 

A deviation in boundary conditions in-turn also creates a deviation in the primer vector,       :   
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Again, (7) and (8) refer to in-plane motion and out-of-plane motion respectively, where    
        

        
. From 

(2) it’s apparent that small deviations in    necessitate a change in the phase and magnitude of thrust applied. Without 

a change to the thrust functions to account for the trajectory deviation, any deviation in the state is amplified over 

time by   and the error is further aggravated by the application of incorrect thrust as noted in (4).  Figure 2 shows 

the a) position error and b) velocity error over time as a result of an unaccounted for 1% initial state deviation. 

Radial and in-track deviations, 2 m and 0.004 m/s respectively, in initial position and velocity were applied to in-

plane motion  on a nominal reconfiguration trajectory from [22].  
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Figure 2: In-Plane a) Position Error and b) Velocity Error during Reconfiguration from an Initial 1% 

State Deviation  

Small initial state errors can cause significant state error growth during the reconfiguration. To compensate for 

deviations in the state, and thus deviations in boundary conditions,       , it can be found that there is an associated 

deviation in cost,      

              (9) 

In (9) any deviation in state causes a minimum deviation in cost to reach the correct destination, assuming the 

optimal path correction is taken immediately. Alternative correction strategies will incur a larger cost to reach the 

desired terminal state. MPC is one such controller which meets these requirements.  

Equations (3) to (9) demonstrate that it is more cost effective to anticipate the dynamics when compensating for 

deviations to a state during reconfiguration.  For this reason, a controller which can anticipate dynamics is of 

particular interest to save fuel over controllers that only react to current state error. Because the focus of this paper is 

on the application of a collision-free reconfiguration controller for use on-board satellites, controller selection must 

also consider convergence time and processing resource requirements.  

III. Analytic MPC Development 

Model predictive control works by generating control inputs based on the solution of a discrete-time optimal 

control problem. The MPC optimal control problem seeks to minimize the expected state deviation and provide the 

control required over some finite time horizon in the future. The optimal control problem can be solved via a 

forward looking linear quadratic regulator (LQR) approach [6, 7], via linear or quadratic programming methods [9, 

11-13, 28], or even with a nonlinear solver [29]. This solution produces the optimal control input.  Typically only 



the first step in control is executed. Once a new observation of the state is obtained, the control cycle repeats, a new 

optimal control problem is formulated, and the solution provides the next control input.  Model predictive control 

uses the anticipated model of system behavior to proactively correct for observed disturbances. Constraints on the 

control can be implicitly or explicitly added through this control process making the MPC control algorithm highly 

dynamic and capable [6]. The addition implicit constraints may make the solution overly conservative with regards 

to an explicit system, which is beneficial when the constraints deal with vehicle safety.  Figure 3 gives the flow of a 

general MPC algorithm. 

 

Figure 3: MPC Algorithm Flow 

Solving the optimal control for the minimum state deviation using LQR requires a solution to the recursive 

Riccati Equation. Solving the Riccati Equation can be computationally burdensome due to the required matrix 

inversions and iteration through all the time-step to the desired horizon [6, 7].  Control approaches which rely on 

non-native optimization software, like linear programing, must be re-solved at each control step incurring a 

computational burden.  

A new MPC formulation is developed here following the algorithm described above with the exact analytic 

solution for optimal relative motion reconfiguration.  The optimal control solution is solved directly using the 

analytic solution of [22] without the need of an LQR Riccati Equation or linear programing solver.  This controller 

is designed to follow a collision-free path from [23], but it can also be used for formation maintenance and station-

keeping. However, such applications are a sub-set of the reconfiguration problem and will not be discussed here.   



In an MPC, constraints can be added at any of the three stages identified in Figure 3. For example, collision 

avoidance constraints can be explicitly added to the cost function of the MPC as is often done with linear 

programming methods [9, 11-13, 28].  Another point in the MPC process in which constraints can be added is 

through the implementation of control. In this manner, control force is limited by either a maximum level or by a 

reactive control layer. While not using MPC for control, the SPHERES mission uses a similar approach to active 

constraint handling in their collision avoidance controller [4]. Finally, constraints can be added implicitly through 

the desired optimal path as is done with this approach. This is accomplished by following a collision-free trajectory 

which already accounts for the collision constraints. The controller minimizes the sum of the fuel usage over the 

horizon such that the satellite is kept close enough to a specified reference trajectory to avoid collisions. By ensuring 

that controller achieves relatively rapid convergence and that any dead-band is inside of planned safety range, 

collision-free constraints can be maintained with guaranteed stability of the solution. This constraint handling is 

implicit in the design of the control. In summary, constraints can be added to an MPC through a path planning 

element in each control step, by adding a reactive control layer to account for unforeseen events, by following 

collision-free trajectories within safety tolerances, or through a combination of these techniques.  

 

Figure 4: Graphical Representation of MPC Planning Phase 

The analytic path-following MPC approach developed here is illustrated in Figure 4. An observation of the 

actual state and the generation of a corrective path constitute a step of the control loop. At each control step the 

relative states are obtained from observations and compared with the desired states at that time to get the state 

difference. In Figure 4, an observation identifies a small deviation in the desired state at    . The magnitude of state 

difference is used to determine the relative position and velocity error.  If the relative state errors are below a certain 

threshold then a corrective path does not need to be generated and the control is left to continue implementing the 

nominal path’s thrust. In this manner a dead-band around the desired trajectory is created to avoid excessive 

thrusting similar to that created by Richards [12]. If the relative state errors are above the threshold, the optimal 



reconfiguration path is generated to correct back to the planned trajectory from the new actual state,       , to the 

desired final state,         , at some length of time,  , in the future known as the horizon.  

Thrust is implemented at each step as a function of the in-plane state,               , and for the out-of-

plane state,             [22]: 
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The integrals of the thrust functions for in-plane,      , and out of plane motion,      , are:  
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The optimal thrust constants are:   
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  [22]. When a new path is generated analytically to the desired destination, 

only the first increment of thrust is executed until the time of the next observation. The process is repeated at each 

observations and the desired aim state is also moved forward. The free variables to tune this controller are the length 

of the horizon window, T, the controller time-step, ∆t, and the size of the trajectory dead-band. The process and 

rules of thumb developed for initially selecting these control variables are discussed in the results below.  

This simple MPC implementation, using the direct analytic processes, allows for a solution at each time-step 

regardless of the error displacement. Because constraints are handled implicitly, this approach is free of some of the 

typical issues related to stability and feasibility found in other approaches to MPC [12, 15]. However, this method is 

limited to controlling the motion of the executing satellite in a single-input single-output format. Thus it is well 

suited for path-following, station keeping, but not for collective formation planning typical in distributed multiple-



input multiple-output MPC schemes [17, 19, 30-33]. Tillerson, Richards, and later Breger, show that the linear 

programming approach is also relatively fast at computing optimal solutions, but does run into problems regarding 

the stability of solutions due to robustness issues from sensor noise [11-13].  Linear programs and other multiple-

input multiple-output schemes may find themselves outside of a convex solution space providing sub-optimal 

solutions or no solutions at all. One method of tackling this problem is to actively manage the constraints through 

relaxation and tighten schemes [9, 11, 12].  The implicit controller developed here will always arrive at a solution. 

However, the feasibility of the solution is depended on the limits of the actuation authority.  An analytic solution 

also eliminates the burden of varying constraints and re-solving the optimal cost function at each controller step thus 

producing a very fast control method. The analytic MPC focuses only on solving for the optimal cost of an 

individual satellite’s motion, as such is well suited for distributed implementation. 

In the development of the collision-free path to be followed, Sauter and Palmer [23] use a segmented trajectory 

to join optimal trajectory elements around a collision event at the point of closest approach to an obstacle.  When a 

control horizon is large, the MPC will seek to proactively smooth the trajectory segment connections and often cut 

short the circumnavigation of obstacles [6].  To prevent the controller from cutting short a circumnavigation 

between trajectory segments, the horizon is decreased to some minimum value when approaching the end of each 

segment. This forces the controller to more closely follow the current trajectory rather than smoothing the natural 

trajectory motion.  Richards also notes that a variable horizon control is well suited for transient control problems 

like a reconfiguring spacecraft [12]. Algorithm 1 is used to determine the variable horizon length, T.  In the 

algorithm S is the segment tie length and Ct is the current time in that segment. A lower time limit, TL, is used to 

prevent excessive control for small horizons near the end of the segment. This limit is based on the desired accuracy 

achieved versus the maximum control allowed by the system. 

Algorithm 1: Variable Horizon Length Selection 

If: Ct + T  >  S 

 Then: T = S - Ct 

If: T < TL 

 Then: T = TL 

End if 

End if 



Figure 5 is a simple illustration of horizon control on the three-segment trajectory from Figure 1where there are 

two obstacles to avoid. Here the lines perpendicular to the trajectory represent the horizon at each observation point. 

The spacecraft starts in the upper right and proceeds to the lower right. This approach decreases the chance of 

collision by reducing the MPC’s ability to cut corners, with slightly increased fuel usage when compared with a 

fixed horizon approach.  The effectiveness of this implicit collision avoidance approach is highlighted in the results 

below.  

 

Figure 5: Graphical Representation of Variable Horizon Control for Collision Avoidance 

IV. Application and Results 

To provide a more realistic approximation of controller performance, the expected sources, observations, and 

noise must be understood. One means of obtaining highly-accurate relative orbit state observations is provided by 

Carrier phase Differential GPS (CDGPS) measurements [10, 34-38]. Relative position data could also be provided 

from ground observations and triangulation, relative ranging instruments like radars and lidars, or even provided 

from relative visual observations. CDGPS will be used here as it is a simple means to get good relative state 

information, and it has been validated on formation flying missions [35]. Using only relative GPS state 

measurements, Tillerson estimated the sensor noise would produce errors in the relative states of about 20 cm in 

position and 1 mm/s in velocity [13]. Busse estimated that CDGPS implementation could reduce the sensor noise to 

around 1 cm in position and 0.5 mm/s in velocity [38]. Leung demonstrated that relative state noise can be further 

reduced to 1.5 mm in position and 5 m/s in velocity [37].  However, application of Leung’s approach on the 

PRISMA mission results in sensor noise between Tillerson and Busse’s estimates with 5.5 cm to 18 cm in position 

and 0.2 mm/s to 2.5 mm/s in velocity [35].  The noise level was proportional to the amount of maneuvering taking 



place.  Considering these results and the potential for future improvement, Busse’s estimates of 1 cm in position and 

0.5 mm/s in velocity were used for simulations in the following section.   

The HCW dynamics used for modeling reconfiguration and collision avoidance do not directly account for 

orbital perturbations like J2.  Relative J2 effects are principally based on the size of the relative orbit and the 

inclination. The controller can be used to negate many effects of perturbations from the relative motion model. The 

relative J2 is the largest of the known perturbation effects. But, it is still nearly two-orders of magnitude less than the 

primary gravity and thrust in the LVLH frame, and it is acting on the system only over the short time frame of a 

reconfiguration maneuver. For simulations here the relative J2 acceleration difference can be included in the 

controller model as a disturbance. Since this scheme is generalized for all orbital cases, the worst possible J2 relative 

acceleration of 11 m/s2 is added to simulations as acceleration noise [39].  For long-duration and large formation 

separation maneuvers J2, the secular effects of acceleration will grow beyond typical noise levels and, without 

adequate inclusion in the analytic model, will impact controller fuel usage [40]. Future work is looking at the 

inclusion of an analytic J2 perturbed model for relative reconfiguration to reduce such fuel usage. 

The application of this analytic MPC approach was tested against a three satellite reconfiguration example. The 

avoidance trajectories are illustrated in Figure 6, and specifically Satellite 1’s trajectory was used for controller 

validation. Both the trajectory prior to collision avoidance shaping (single segment) and post collision avoidance 

shaping (three segments) are used for testing. The first trajectory requires 825.86 mm/s of ∆V and the other requires 

837.79 mm/s to execute. For trajectory-following simulations, the satellite starts with a large 2 meter displacement 

in each axis as well as 2 cm/s of velocity displacement in each axis.  This large initial position and velocity error 

away from the desired direction of travel will force the controller to respond initially showing transient response 

characteristics. Uniform white noise is added at every control step simulating sensor observation noise and 

disturbances at the levels given above. Initially the allowable state dead-band, ∆X, is set to zero to determine the 

performance over a range of time-step sizes, ∆t, and horizon lengths, T.   



 
Figure 6: 3-Satellite Trajectories a) Before and b) After Collision Avoidance Planning [23] 

 

Figure 7a illustrates the performance of the analytic MPC in terms of total additional velocity needed and Figure 

7b the position error as a function of the time-step, ∆t, and the horizon length, T (in terms of number of time-steps), 

for a single segment reconfiguration, i.e. a reference trajectory before collision avoidance shaping.  Horizon lengths 

exceeding the segment time of flight are not possible thus giving a curved structure to the results. Results presented 

are limited within extremes in required ∆V, greater than 1.0 m/s, or the position error, greater than 10.0 m. 

 
Figure 7 a) Additional ∆V and b) Average Position Error from Analytic MPC with a Fixed Horizon Length 

on a Single-Segment Trajectory 

Several authors note that the MPC generally uses less control when the horizon is extended [6, 7, 10-13]. This is 

also demonstrated in the results. While decreasing the needed control, increasing the horizon also increases position 

error as illustrated in Figure 7 b.  MPC performance is variable based on the control parameters of time-step and 

horizon length. The results of the same analysis to a multi-segment collision avoidance trajectory are given in Figure 



8. Results with a variable horizon, for control near collisions, are also given in Figure 9.  Note that the horizon 

control scheme was implemented to address collision requirements with a minimum horizon length of 10 seconds. 

 
Figure 8: a) Additional ∆V and b) Average Position Error from Analytic MPC with a Fixed Horizon Length 

on a Three-Segment Trajectory 

 
Figure 9: a) Additional ∆V and b) Average Position Error from Analytic MPC with Variable Horizon Length 

on a Three-Segment Trajectory 

It is clear from these results on the three-segment trajectory that variable horizon control uses less additional ∆V, 

and has less position error over the same control parameter envelope (when compared with the traditional MPC 

approach in Figure 8.  The envelope of available time-steps and horizon lengths, without exceeding error limits, is 

substantially reduced in Figure 8b compared with that of Figure 9b. The horizon control approach, Figure 9a, is 

more susceptible to ∆V growth at smaller time steps but less susceptible at long horizon times. Additionally horizon 

control decreases the averaged position error by roughly half of the fixed horizon approach, while substantially 

increasing the operating envelope.  One important difference between these results is that the horizon control 



approach only obtains slightly negative ∆V results at large time-steps. The fixed horizon results in Figure 7a and 

Figure 8a have a larger area of negative ∆V solutions, which implies that the controller is cutting corners to conserve 

fuel. This is because the implicit collision avoidance constraints are better upheld with the variable horizon control 

approach. For the results generated above, the average re-plan time for the analytic results is 0.114 milliseconds on 

an Intel® Core™ Duo CPU E8400 at 3 GHz desktop computer. This is far faster than the 1-3 second re-planning 

time needed for linear programming with relaxed constraints [10] or the 0.577 seconds needed for a LQR solution as 

applied to this same problem. This computation time is on the same scale as a reactive PID control cycle of 0.075 

milliseconds also when applied to this problem.  

A. Tuning MPC Control Parameters 

The design results also illustrate the scope of the control parameter design envelope. While there is not a perfect 

set of controller settings for all possible reconfiguration scenarios, it is clear that the size and shape of the envelope 

is dependent on the type of trajectory and the MPC approach used. These results are used to help define rules of 

thumb for selecting good initial starting values for the initial variable horizon length and time-step.  Settings can be 

further optimized for specific controller applications.  

As expected, results show larger horizons generally need less additional ∆V but have a higher average position 

error. Analysis shows that keeping the time-step size proportional to 1/1000th the horizon length in seconds places 

the control parameters in the lower left corner of the position error and additional ∆V envelopes from Figure 7. 

Keeping the time-step proportional to the horizon length as described above, the average position error and ∆V 

needed for the single segment trajectory is given in Figure 10. Here the horizon length is given in terms of the 

number of time-steps needed to reach that horizon length.    



 
Figure 10: Additional ∆V and Average Position Error using a Step-Size Proportional to Horizon Length 

The point where the additional velocity curve is minimized, with respect to additional growth in position error, is 

the desired point for this controller. This intersection at horizon step size at roughly 2560 steps, when the additional 

∆V and position error lines cross, allows us to create a rule of thumb for minimizing both the additional ∆V and 

position error.   Here the additional velocity is near zero and the average position error is on the order of 1.5 to 2 

meters.  A horizon time of roughly 20% of the total time of flight produced the best trade off in additional ∆V and 

position error. Breger found that a horizon length 80% of the total time of flight worked well for a linear 

programming approach with multiple-inputs and multiple-outputs [11]. However, these results found that 80% of the 

time of flight lets the controller use minimal velocity but at the expense in average position error. The additional ∆V 

only decreases by a little bit however the average relative position error nearly triples in size. A horizon length of 

80% of the time of flight also places the controller on the upper portion of the operating envelope as seen in Figure 

9. Once the time-step is chosen by the control cycle, the horizon length is found in terms of the number of time-steps 

using 20% of the time of flight result. For example a 1279 sec time of flight, would have a 256 sec horizon (2560 

steps) with a step size of 0.256 seconds.  With the control variables obtained from the rule of thumb, the actual 

performance of the controller over time is given for both the variable horizon and fixed horizon approaches in 

Figure 11 and Figure 12 respectively.  Both results are found for control along the three-segment collision-free 

trajectory example used earlier.  



 
Figure 11: Magnitude of Position Error from Analytic MPC with Variable Horizon Length 

 
Figure 12: Magnitude of Position Error from Analytic MPC with Fixed Horizon Length 

The total additional ∆V required is 66 mm/s, with less than 0.7 m position error at steady-state, using the 

variable horizon approach. The total additional ∆V required for the fixed horizon approach is 22 mm/s with around 

4.7 m position error at steady state. The small, 1/3x, decrease in required fuel needed from a fixed horizon comes at 

the expense of a significant error growth, 6.7x, in the average position error. If, for example, a 2m keep-out zone is 

used during collision-free path planning as in Figure 6, then clearly the fixed horizon approach does not meet the 

implicit collision avoidance constraints. The position error in Figure 12, at the closest approach to the first obstacle, 

is nearly at a maximum. The actual control accelerations needed for the variable horizon MPC from Figure 11 are 

provided in Figure 13a along with the resulting in-plane trajectory, Figure 13b. 



 
Figure 13: a) Control required and b) In-plane Trajectory Results with Variable Horizon Control 

At this point, a controller dead-band is implemented for 0.4 m position error and 0.02 m/s velocity error around 

the nominal trajectory. The modified position error results with a dead-band are given in Figure 14. Note that the 

average steady state position error has increased slightly to 1.5 m but the total ∆V usage has decreased by nearly half 

to 36.2 mm/s. Additionally, the average run time for the MPC to generate a trajectory without corrective thrust 

planning has also decreased to 0.077 milliseconds, nearly matching PID controller speed of 0.075 milliseconds 

found earlier. 

 
Figure 14: Magnitude of Position Error from Analytic MPC with Variable Horizon Control and a Dead-Band  

B. Comparison with PID Control 

The reactive PID controller is also an analytic method which can be used for trajectory control. Figure 15 shows 

the position error of a tuned PID controller to the same initial conditions as the above analytic MPC controller. 

Because the PID is also following the three-segment collision-free trajectory, it shares the implicit collision 



avoidance constraint. The tuned gains for the controller are: Kp = 0.08, Ki = 0.001, and Kd = 0.04. The total 

additional ∆V required is 27,909 mm/s with less than 0.5 m position error at steady state for the three-segment 

avoidance trajectory. This is nearly 423 times more expensive in terms of ∆V for the about the same position error 

as shown in Figure 11. The actual control accelerations needed are provided in Figure 16a, along with the resulting 

in-plane trajectory in Figure 16b. The MPC variant clearly requires far less ∆V than a PID approach for path-

following in relative motion.  

 
Figure 15: Magnitude of Position Error from PID Control 

 
Figure 16: a) Control required and b) In-plane Trajectory Results from PID Control 

V.   Validation on Hardware  

The approaches developed in this work were also tested on two representative satellite processors. The PRISMA 

mission, also performing limited autonomous formation flying, is currently using the LEON-3 processor on a field 

programmable gate array (FPGA) chip [41]. Additionally the STRaND CubeSAT mission from SSTL and the 

Surrey Space Centre is using the ARM-9 processor as an experimental OBC [42]. The ARM family of processors is 



used on numerous ground applications and has been proposed for other satellite systems [43]. Both the ARM-9 and 

the European Space Agency standard satellite processor, LEON-3, are used to test the applicability of this analytic 

process for distributed implementation on small satellites [44]. The specifications for the hardware testing boards are 

outlined in Table 1. 

Table 1 Hardware Platform Specifications 

Hardware   

Fabric Logic  

Processor Implementation  

Frequency  
On-chip Memory  

Storage Memory  

Primary Debug Interface  

Other Interfaces  

Spartan-3 FPGA  

LEON-3 soft-core  

40 MHz  
Variable (to 32 kB)  

8 M x 8 Flash  

16 M x 32 SDRAM  

JTAG  

Serial, Ethernet, USB  

Configurable  

ASIC  

ARM-9 32-bit RISC  

155 MHz  
8 kB Ins. & 4 kB Data  

256 MB Flash  

256 MB SDRAM  

Serial, Ethernet  

I2C, USB, PCI  

Software   

Operating Systems  Bare-bone  

RTEMS RTOS  

eCos Linux  

Many more  

Bare-bone  

FreeRTOS  

Embedded Linux  

 

The Spartan-3 FPGA development board from Pender, GR-XC3S-15000, was used to emulate the LEON-3 for 

testing3. This board can also be configured to be fault-tolerant with protection against single event effects through 

triple modular redundancy techniques.  Ground testing of this processor was also completed in a similar manner to 

Ref [41]. A Digi Wi-9C development board, also the STRaND mission’s actual flight hardware processor, was used 

to for ARM-9 testing4.  Because both processors have or will be soon flown on small satellite and CubeSat missions 

they are a good choice for representative processors of future fractionated satellite systems.  

Tests from Section IV for the MPC controller were performed on the Spartan-3/LEON-3 and Arm-9 processors 

using the same C-code and CPU clock timing functions as used during desktop CPU testing.  The average re-

planning time of the MPC on the ARM-9 was 3.37 milliseconds, and 60 milliseconds on the LEON-3. The average 

times were found from over 5000 re-planning events. Bemporad notes that computation time needed for on-line use 

of an MPC needs to be on the order of 1 millisecond [45]. The analytic MPC on the ARM-9 meets this desired 

requirement for on-line implementation.  This computation speed also allows the analytic MPC to be part of a 

                                                        
3 Gaisler Research, SPARC V8 32-bit Processor LEON3/LEON3-FT CompanionCore Data Sheet, 2010, www.actel.com/ipdocs/leon3_ds.pdf  
4 Digi International Inc, Hardware Install Guid ConnectCore 9C, 2005, http://ftp1.digi.com/support/documentation/90000728_a1.pdf  

http://www.actel.com/ipdocs/leon3_ds.pdf
http://ftp1.digi.com/support/documentation/90000728_a1.pdf


typical 1 Hz control cycle for collision-free relative motion reconfiguration as used on both the PRISMA and 

SPHERES missions [4, 46]. 

In another comparison example with linear programming from Richards, the constrained cost function 

optimization for a collision-free path, one re-planning element in an MPC, using a linear programming approach 

took 7.8 seconds to solve using a 1 GHz desktop computer with a commercial solver [47]. This example is 

simplified for an in-plane avoidance maneuver with three satellites and only 20 time-steps. For implementation in an 

MPC this linear program needs to be solved at each control re-planning time. Even without a conversion to an 

equivalent processor, this approach is (7.8s / 3.37ms) = 2,315 times slower than the analytic MPC on an ARM-9.  

One might argue that this is not a fair comparison, as the linear programing uses explicit collision avoidance 

constraints at each step while the analytic MPC has no explicit constraints. However, the semi-analytic collision 

avoidance reference plan, used to provide the implicit constraints, takes only 4.78 seconds to generate the collision-

free reference trajectory on the ARM-9 processor [23]. Explicit collision avoidance constraints can be obtained by 

executing this path planning approach before the analytic MPC at each control step. If this combination is used for 

comparison it is still three seconds faster on the 155MHz ARM-9 than the simplified linear program running on the 

1 GHz desktop computer.  The analytic MPC with implicit, or even explicit collision constraints, is faster than 

current collision avoidance control approaches and is directly applicable to on-board usage in small satellites.  

VI. Conclusions 

This paper presents the development of a new analytic model predictive control system for collision-free relative 

motion reconfiguration.  The controller development builds from the analytic solution to optimal reconfiguration in 

relative motion and the semi-analytic collision-free path generation method. Implicit collision avoidance 

requirements are met by following a semi-analytic pre-planned collision-free trajectory solution. Adjusting the 

horizon length on the collision-free reference trajectory segments focuses the controller on meeting safety 

requirements near potential collision events.  To help ensure implicit collision requirements, the horizon length is 

varied to ensure a keep-in zone around the desired trajectory. Results show that using a variable horizon approach is 

better at meeting position error requirements, especially at the critical segment junctions. A rule of thumb is 

developed for selecting the control parameters of an initial horizon length of about 20% of the time of flight at a 

step-size of 1/1000th that horizon length. This approach incurs only a minor increase in needed ∆V, and is greater 



than 423 times cheaper than a representative PID controller with the same error tolerance and nearly equal 

computation time. The use of a dead-band controller is an effective method for further reducing the required ∆V 

once an acceptable level of position error has been established. The analytic nature of this MPC approach makes it 

much faster than linear programing and LQR approaches to model predictive control for satellite reconfiguration 

with collision avoidance constraints. Hardware verification illustrates that the method works on representative small 

satellite hardware with rapid computational speed. The performance also makes this controller easy to execute on-

board a spacecraft in real-time. If explicit constraints are desired, the algorithm can be run in conjunction with a 

semi-analytic collision avoidance planner on MHz sized hardware faster than a representative linear programming 

approach can run on a GHz sized desktop computer. Hardware verification further illustrates how this approach can 

meet real-time onboard processing requirements like those that will be necessary on the DARPA F6 mission or other 

any other highly reconfigurable formation flying missions.    
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