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Abstract

In this paper we consider the relative motion between satellites moving along near
circular orbits in LEO. We are focussing upon the natural dynamics in order that we
may then develop a design tool for choosing initial conditions for satellite orbits where
the satellites will follow close to a chosen configuration with little control. The differ-
ence of the approach we present here to other published work on this topic is that we
start with analytic solutions of the equations of motion rather than attempt to develop
linearised equations of relative motion which we then solve. This geometric approach
leads to a natural decomposition of the orbital motion into three components: the mo-
tion of a guiding centre that incorporates the secular evolution of the formation; the
periodic motion of the formation as an approximately solid body about this guiding
centre; and the periodic motion of individual satellites within the formation. By sepa-
rating the motion into these three components we are able to give a full description of
the motion, but in a simple form that avoids a lot of the complexity in other formula-
tions. We then use this model to find expressions for the motion of one satellite with
respect to another within our formation. We present propagations of satellite orbits to
fully evaluate the accuracy of our expressions, noting additions that may be made to
the model to further increase accuracy.
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1 Introduction

Many missions are now being proposed that involve the use of satellite formations to achieve

the mission objective. Formations give increased flexibility by allowing reconfiguration of

satellites for changing mission objectives [5], decrease mission risk by allowing redundancy

across multiple platforms, and with the development of small satellite technology and cor-

responding increase in the capability of small satellites, formation flying has become more

viable financially. The most common application of formation flying appearing in the liter-

ature is in synthetic aperture radar and interferometric missions [2, 14].

The dynamics of satellite formations are complex and yet an understanding of them is

vital to planning a formation flying mission. Although using the currently available numerical

orbit propagators it is possible to propagate orbits to an extremely high degree of accuracy

and therefore look at the evolution of a formation from a given set of initial conditions,

numerical techniques provide little insight as to the causes of the formation dynamics. For

this insight, analytical methods are required so that the properties of the formation dynamics

can be attributed to their respective causes. If these dynamics are understood then useful

dynamic properties may be taken advantage of whereas properties in conflict with the aim

of the formation can as far as possible be suppressed. By using natural dynamics as far

as possible and hence minimising the control needed to maintain the formation, propellant

usage can be reduced, ideally to the point where propellant supply is not a mission limiting

factor. The aim of this paper is to define a simple yet accurate model that accounts for the

effects of eccentricity, J2 and J3 in satellite relative motion. One of the principle motivations

for producing such a model is so that it can be later used in a formation design tool. The

model will need to accurately describe the motion of a formation for an extended period of

time (a few weeks) but be sufficiently simple such that it gives insight to the dynamics and

allows the orbital parameters to be chosen that give the desired relative motion. This paper

is an extension of the work previously presented by the authors[4].

Most early work on the analytical modelling of satellite relative motion was carried out
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in the context of rendezvous and used the Clohessy-Wiltshire equations [1]. Several au-

thors have extended the Clohessy-Wiltshire equations to improve their applicability. Inalhan

and How [8] adapted the linearised dynamics to allow for an eccentric reference orbit and

Schweighart and Sedwick [17] include linearised J2 terms in the equations of motion, manip-

ulating the equations such that they can still be solved for an analytical solution. In work

by Kormos [11], the epicycle orbit model developed by Hashida and Palmer [6] is applied to

relative motion. This formulation includes the effects of J2 but describes the relative motion

in the same frame as is used in the Clohessy-Wiltshire equations and so again suffers from

errors due to coordinate linearisation, errors that increase with intersatellite range. Karl-

gaard and Lutze [10, 9] present a set of second-order equations of motion, although whereas

second order terms are included, the model includes no geopotential perturbation terms and

again the restriction is placed that the reference orbit is circular.

In order to develop a more accurate analytic solution, Vaddi et al. [18] present a state

transition matrix that includes the effects of eccentricity, gravitational perturbations and

non-linearities. Melton [12] also presents a state transition matrix approach, which although

it does not include gravitational perturbations, does include higher order eccentricity terms.

The results show a decrease in error when compared to the Clohessy-Wiltshire equations

however the matrices are lengthy and complex, meaning that some insight into the dynamics

is lost.

One of the principles sources of error in modelling relative motion is the linearisation

required such that the equations of motion can be solved for an analytic solution. To avoid

this problem, Gim and Alfriend [3] present a geometric approach such that the differential

equations need not be solved directly. This model includes the J2 perturbation but as in

the other state transition matrix approaches, leads to a solution that is lengthy and has

little transparency in terms of the resulting dynamics. To improve insight into the relative

dynamics, Schaub [15] describes a technique for determining relative orbit geometry using

classical orbit element differences. Expressions are then given for the mean relative orbit
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motion under the influence of the J2 gravitational perturbation. To combat the problem

of differential secular drift within a formation due to J2, Schaub and Alfriend [16] develop

a set of conditions under which there is no relative secular drift between members of a

formation. Mishne [13] describes a technique for calculating velocity corrections for satellites

in a formation in order to compensate for the secular effects caused by Earth oblateness and

drag.

We will take a geometric approach to the relative motion problem to avoid the lineari-

sation associated with the analytic solution of the equations of motion. In a similar way

to the work of Schaub [15], the relative coordinate expressions are presented in terms of

orbital element differences rather than in cartesian form. A spherical coordinate system is

employed to avoid coordinate linearisation. In this model the periodic and secular effects

of the J2 perturbation will be accounted for as well as the long-periodic effects of the J3

perturbation. By including these effects we aim to give a full description of the motion

of a satellite formation. Since our satellites will be in close formation we assume that the

differential drag effects are negligible over the timescale of a few weeks and so our model

does not include atmospheric drag. In this model, the complex motion of a satellite within

a formation moving across the sky is separated into three distinct parts, the motion of a

formation guiding centre, the motion of the formation relative to this guiding centre and the

relative motion of the satellites within the formation. Each individual part is in a simple

form and therefore gives good insight to the complex formation dynamics. A full derivation

of the relative motion model is given, and the expressions for the relative motion between a

satellite and a uniformly moving reference given in [4] will then be extended to also consider

motion between two satellites.
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2 Background

2.1 The Epicycle Orbit Model

We start by considering the description of the motion of a single satellite in LEO. Since the

Earth is oblate then there are no perfectly circular orbits in LEO, but the eccentricity of the

satellite orbit will be comparable in magnitude to the principal geopotential term associated

with the oblateness, ie . J2. The epicycle model uses a system of four coordinates to describe

the position of the satellite: I and Ω being the inclination and right ascension of ascending

node (RAAN) of the instantaneous orbital plane; and r and λ are the radius and argument

of latitude of the satellite on that orbital plane. The epicycle model describes the orbital

motion by solving the linearised equations of motion taking account of the perturbing terms

in the geopotential. To lowest order, the satellite moves on a circular orbit of radius a. The

plane of this orbit is defined by the constant angles I0 and Ω0.

The solutions of these linearised equations of motion can be expressed in the simple

form[6, 7]:

r = a(1 + ρ)− ae cos(α− αP ) + aχ sin(1 + κ)α + ∆r12 cos [2(1 + κ)α]

λ = (1 + κ)α + 2e [sin(α− αP ) + sinαP ]− 2χ [1− cos(1 + κ)α] + ∆λ12 sin [2(1 + κ)α]

I = I0 + ∆I12 (1− cos [2(1 + κ)α]) (1)

Ω = Ω0 + θα + ∆Ω1
2 sin [2(1 + κ)α]

where α is the epicycle phase given by α = n(t− te), n is the epicycle frequency (being the

mean motion associated with the circular orbit of radius a) and te is the time at which the

satellite crosses the equator at the ascending node. αP = n(tP − te), where tP is the time of

pericentre passage.

This description of the motion is very convenient, not only for its simple geometric

interpretation, but also because it separates out the secular and periodic motions. Secular

changes are expressed through the quantities: ρ, κ and θ; the long-periodic variations are

given by the χ terms and the short-periodic variations by ∆1
2 terms. More details of this
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Figure 1: Absolute Epicycle Coordinates
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description of the motion can be found in [6] and [7] where extensions to include atmospheric

drag and external bodies are discussed.

2.2 Defining the Motion of our Origin

A satellite formation implies that a group of satellites are moving along orbits which have

very similar orbital parameters. When looking at the dynamics of satellite formations it

is more informative to look at the relative motion rather than absolute motions. Before

embarking upon how to describe such relative dynamics we need to define a reference origin.

This could be taken as one of the satellites, but as the above description shows, such an

origin would have a very complex motion about the Earth. We therefore elect to define a

virtual satellite origin, which we shall refer to as the guiding centre, which follows simpler

dynamics. The guiding centre is chosen as a point moving on a perfectly circular orbit that

drifts around the equator and along the orbital trajectory due to the secular effects of the

even zonal harmonics in the Earth’s geopotential. We are assuming that, while the satellites

in the formation will be on different trajectories, they will have almost identical secular drift

rates, so that the satellites will remain localised over a significant period of time. We will

discuss in more detail later how this is to be achieved, but by choosing the guiding centre

in this way we can remove the secular drift of the formation from the relative dynamics. It

needs to be emphasised that the motion of this guiding centre does not satisfy the equations

of motion, and it is therefore not possible to place any satellite on the guiding centre for any

length of time.

The epicycle description of the guiding centre motion is then described by:

rc = ac(1 + ρc)

λc = αc(1 + κc) ≡ τ

Ic = Ic0 (2)

Ωc = Ωc0 + θcαc

αc = nc(t− tec)
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where the subscript c signifies guiding centre values. We have elected to introduce the symbol

τ to make the time dependence more explicit. In order that our equations end up in the

simplest form, we have chosen τ to be the epicycle phase, corrected to allow for the secular

drift in the argument of latitude. The secular quantities ρ, θ and κ can be expressed as a

sum over the even zonal harmonics J2`:

ρ =
∞∑
`=1

(2`− 1)J2`

(
R⊕
ac

)2`

P2`(0)P2`(cos I0) (3)

θ =
∞∑
`=1

J2`

(
R⊕
ac

)2`

P2`(0)P 1
2`(cos I0) (4)

and κ can be found from the other terms through the relation:

κ+ θ cos I0 +
∞∑
`=1

(4`− 1)J2`

(
R⊕
ac

)2`

P2`(0)P2`(cos I0) = 0 (5)

Here the quantities Pm
n are associated Legendre polynomials from the expansion of the

geopotential.

3 Describing Relative Motions

We now consider the description of formations of satellites in relation to our guiding centre.

We start by considering the size of the formation we are interested in. If the formation is very

tight so that separations are very small then the relative effects of J2 become negligible. The

principal effect on the formation is an along track drift due to variation in orbital semi-major

axes among the satellites. If this variation is δa then there will be a drift δn ∼ 3n/(2a)δa. If

the dimensions of the formation are ` then the satellites will drift across the whole formation

in a time `/(3π)δa orbital periods. The effects of J2 on the dynamics occurs on a timescale

of 1/J2 orbital periods and hence these become comparable when δa ∼ J2`.

The principal disturbance to Keplerian orbits in LEO is the Earth’s oblateness, which

has magnitude J2 ∼ 10−3. For a first order formation we would expect a separation between

satellites of order ` ∼ J2a ∼ 10km in LEO. All formation flying scenarios have separations
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smaller than this, so we may reasonably consider an ordering scheme where the separations

between satellites is of the same order as in the epicycle expansion. The only exception

to this is the difference in semi-major axes between satellites. As described above, these

must be of second order (O(J2
2 )). This is because of the zeroth order drift along the orbit

that would occur for satellites having different orbital energies, even in the absence of Earth

oblateness, .

We introduce a set of relative epicycle coordinates to express the position of one of the

satellites in the formation, with respect to our guiding centre. We envisage that the formation

comprises of a number of satellites and we focus upon the location of the kth satellite by

using subscript k. The relative epicycle coordinates for this satellite are then:

r̂k = rk − rc (6)

λ̂k = λk − λc (7)

Îk = Ik − Ic (8)

Ω̂k = Ωk − Ωc (9)

The epicycle description of the motion can also be characterised by six constant quantities

along the orbit, which we refer to as the epicycle elements: (a, e, I0,Ω0, te, tP ). In order for

the satellites to remain in close proximity over time, it is important that the differences in

these orbital elements is also first order, apart from a. Since the guiding centre moves on a

circular orbit, then there is no relative pericentre passage time and no relative eccentricity.

The time at which satellite k crosses the equator will be tek and αk = nk(t− tek), where nk

is the mean motion for satellite k. From Kepler’s third law we have: n2
ca

3
c = n2

ka
3
k, hence:

αk − αc = −nc(tek − tec)−
3

2

(
âk
ac

)
τ (10)

where

âk = ak − ac (11)

which is accurate to second order. We need to keep this equation to second order as the

differential secular drift between satellites will be second order and we wish to cancel out
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this drift by adjusting the semi-major axes later. We note that to first order αc = (1 −

κc)τ , which will be sufficiently accurate for our analysis. It will be convenient to introduce

αe = nc(tek − tec), which is a first order quantity, representing the separation in time along

the orbit of satellite k from the guiding centre. The epicycle phase at pericentre passage,

αPk = nk(tPk − tek). As this is always multiplied by e, which is first order, then we can

ignore the difference nk and nc and tek and tec. Hence:

αPk = nc(tPk − tec) (12)

Similarly, the difference between αk and τ can be ignored in these terms. We introduce the

difference in inclination:

Îk0 = Ik0 − Ic (13)

The difference in RAAN, however, needs to take account of the secular drift of the orbital

plane over the time interval tek − tec. Hence we define:

Ω̂k0 = Ωk0 − Ωc0 − θcαe (14)

Consider next the quantities ρ, κ and θ in the epicycle description. These quantities are all

functions of a and I0. So if we consider variations in these quantities then since the change

in semi-major axis is second order, we only need to consider the variation with inclination.

So for κ, for example, we have:

κ̂k =

(
∂κ

∂I0

)
c

Îk0 (15)

Since κ is already a first order quantity then these differences are clearly second order. The

relative epicycle coordinates are then:

r̂k = âk + acρ̂k − acek cos [(1− κ)τ − αPk] + acχ sin τ + ∆r12 cos 2τ (16)

λ̂k = −αe(1 + κc) + τ

(
κ̂k −

3

2

âk
ac

)
+ 2ek [sin [(1− κ)τ − αPk] + sinαPk]

− 2χ [1− cos τ ] + ∆λ12 sin 2τ

(17)
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Îk = Îk0 + ∆I12 (1− cos 2τ) (18)

Ω̂k = Ω̂k0 + θ̂kτ + ∆Ω1
2 sin 2τ (19)

We note that in these expressions, all the terms are first order quantities apart from the

constant terms in (16) and the secularly growing terms in (17) and (19), which are second

order.

4 Curvilinear Coordinate System

We now consider expressing the relative motion in terms of a relative coordinate system

whose origin is located on our guiding centre. As has been noted by a number of authors

[12, 3], when the separations between satellites becomes more significant, then the difference

in curvature of the similar orbits causes non-linear relative motions. These are purely a

consequence of using linear coordinate directions. To eliminate this coordinate effect we

introduce a curvilinear coordinate system.

In figure (2) we depict the motion of the guiding centre and the kth satellite in the forma-

tion. To describe the motion of this satellite with respect to the guiding centre we introduce

the inclination variation Ĩ between the two orbital planes. This inclination variation can be

computed from the inclinations of the two orbital planes from spherical trigonometry:

cos Ĩ = cos Ic cos Ik + sin Ic sin Ik cos Ω̂k (20)

We define the angles along the guiding centre and satellite orbits from the points where they

cross the equator to the intersection point of the two orbital planes as Oc and Ok respectively.

These angles are given by:

cosOc =
cos Ĩ cos Ic − cos Ik

sin Ĩ sin Ic
(21)
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and

cosOk =
cos Ic − cos Ĩ cos Ik

sin Ĩ sin Ik
(22)

We note that these expressions have first order denominators, and hence need not necessarily

be small. The angles along the orbits from the point of intersection of the planes to the

guiding centre and to the satellite are `c and `k respectively. These are given by:

`c = λc −Oc and `k = λk −Ok (23)

These quantities may also be zeroth order rather than first order.

We now define a set of curvilinear relative coordinates that locate the position of the kth

satellite with respect to the guiding centre. These coordinates are ($, υ, ζ), where $ = r̂k

is just the radial separation, and (υ, ζ) are angles on the celestial sphere, as shown in figure

(3). We can express these two angles by:

tan υ =
cos Ĩ tan `k − tan `c

1 + cos Ĩ tan `c tan `k
(24)

and

sin ζ = sin Ĩ sin `k (25)

By introducing the angles ν and δ then we can express υ more simply by:

υ = `k − `c − δ (26)

where

δ = `k − ν and tan ν = cos Ĩ tan `k (27)

This completes the description of the location of the kth satellite with respect to the

guiding centre. These expressions are exact, but provide a complex description of the mo-

tion which is unsuited to developing planning tools for formation flying missions. In the

next section we will look at simplifying these relative positions and developing explicit time

dependent relations.

12



Figure 2: Defining Position from New Origin
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Figure 3: Relative Coordinates
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5 Angular Position in Relative Epicycle Coordinates

To comply with our ordering scheme we shall expand the relative coordinate expressions

to first order, but retain second order terms in the constant and secular terms. We shall

consider first the along-track relative position described by υ.

Along-Track Motion

Our starting point is equation (26) and we use equations (23) to obtain:

υ = λk − λc − (Ok −Oc + δ) (28)

Taking the tangent gives:

tan υ =
tan(λk − λc)− tan(Ok −Oc + δ)

1 + tan(λk − λc) tan(Ok −Oc + δ)
(29)

We may approximate, to second order:

tan(Ok −Oc + δ) = tan(Ok −Oc) + tan δ (30)

and hence:

tan υ = tan(λk − λc)− tan(Ok −Oc)− tan δ (31)

If we introduce γ = 1− cos Ĩ then from (27):

tan δ =
γ sin `k cos `k
1− γ sin2 `k

(32)

Using equation (20), γ can be rewritten as

γ = (1− cos Îk) + sin Ic sin(Îk − Ic)(1− cos Ω̂k) (33)

We can express this in terms of half angles, but it is more convenient to use the first order

approximation:

1− cos Îk =
1

2
sin2 Îk (34)

then

γ =
1

2
sin2 Îk +

1

2
sin2 Ic sin2 Ω̂k +

1

2
sin Ic cos Ic sin Îk sin2 Ω̂k −

1

4
sin2 Ic sin2 Îk sin2 Ω̂k (35)
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The largest terms in this expression are second order and therefore γ must be a second

order quantity. As the final expression for tan υ is only required to second order then all

higher order terms in the above can be discarded, leaving

γ =
1

2
(sin2 Îk + sin2 Ic sin2Ok) (36)

Using the fact that γ is second order in (32) gives

tan δ = γ sin `k cos `k (37)

To be able to express this explicitly as a function of time we need to express `k in terms of

the relative epicycle coordinates. This is achieved using (23) and (7):

sin `k cos `k = sin(λc + λ̂k) cos(λc + λ̂k)
[
2 cos2Ok − 1

]
+
[
sin2(λc + λ̂k)− cos2(λc + λ̂k)

]
sinOk cosOk

(38)

We now substitute from (22) and note that to second order cos2 Ĩ = 1− 2γ and sin2 Ĩ = 2γ.

From this we find that:

2 cos2Ok − 1 =
sin2 Îk − γ

γ
(39)

Similarly

sinOk cosOk =
sin Ic sin Ω̂k sin Îk

2γ
(40)

It is the existence of these second order denominators that has led to this detailed

discussion of the expansion of these relative coordinates. When (39) and (40) are

substituted into (37) and (38) this factor cancels out. We finally arrive at the expression:

2 tan δ = sinλc cosλc

(
sin2 Îk − sin2 Ic sin2 Ω̂k

)
+ (1− 2 cos2 λc) sin Ic sin Ω̂k sin Îk

(41)

We now seek an expression for tan(Ok −Oc) and to the order with which we are

calculating these expressions, this is the same as sin(Ok −Oc). In order to express this sine

in terms of relative epicycle coordinates we can use the following identity from the
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spherical triangle in figure 2

sin Ĩ

sin Ω̂k

=
sin Ic
sinOk

=
sin Ik
sinOc

(42)

If we now use (20) and (21) then:

tan(Ok −Oc) = sin(Ok −Oc) = − cos Ic sin Ω̂k +
1

2
sin Ic sin Ω̂k sin Îk (43)

Now we can substitute (43) and (41) into (30) and noting that to second order tan υ = υ

and tan λ̂k = λ̂k then:

υ = λ̂k + cos Ic sin Ω̂k −
1

2
sin Ic sin Ω̂k sin Îk

− 1

2

[
sinλc cosλc

(
sin2 Îk − sin2 Ic sin2 Ω̂k

)
+ (1− 2 cos2 λc) sin Ic sin Ω̂k sin Îk

] (44)

This completes the description of the along track separation between the kth satellite and

the guiding centre, now expressed in terms of relative epicycle coordinates.

Cross-Track Motion

We now consider the cross-track motion. From the definition of the cross-track coordinate

(25) and substituting from (22) and (23) we obtain:

sin ζ = sinλk cos Ic sin Ik − sinλk sin Ic cos Ik cos Ω̂k − cosλk sin Ic sin Ω̂k (45)

To second order we can replace sin ζ by ζ. Then replacing λk and Ik by the relative epicycle

coordinates and keeping terms only up to second order, and employing (34) yields:

ζ = sinλc sin Îk − cosλc sin Ic sin Ω̂k +
1

2

(
sinλc sin Ic cos Ic sin2 Ω̂k

)
(46)

6 Incorporating Time Dependence

We can now express the time dependence explicitly in our expressions for the relative

coordinates. From this section on we shall drop the subscript c, the guiding centre values

being assumed implicitly. Substituting from equations (6) - (9) into (44) and (46) gives:

$ = âk + aρ̂k − a
[
ek cos [(1− κ)τ − αPk] + χ sin τ + ∆r12 cos 2τ

]
(47)
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υ = −αe(1 + κ)− 2χ+ 2ek sin(αPk − αe) + Ω̂k0 cos I − 1

2
Îk0Ω̂k0 sin I

+2ek sin [(1− κ)τ − αPk] + 2χ cos τ +
(
∆λ12 + cos I∆Ω1

2

)
sin 2τ

+

(
−3âk

2a
+ κ̂k + cos Iθ̂k

)
τ

(48)

and

ζ =
[
Îk0 + ∆I12 (1− cos 2τ)

]
sin τ − sin I

[
Ω̂k0 + θ̂kτ + ∆Ω1

2 sin 2τ
]

cos τ (49)

In these expressions we have ignored the time separation αe in the periodic terms, as these

make higher order changes to the relative coordinates. In the expressions for $ and υ we

have separated out constant terms from periodic terms and the differential secular drift

terms.

6.1 Removal of Differential Secular Drift

To keep the formation of satellites close together in the longer term it is necessary to

remove the differential secular term appearing in (48). We can achieve this by making a

suitable choice of the relative semi-major axis âk. By choosing:

âk =
2

3
a

[(
∂κ

∂I0

)
c

+ cos I

(
∂θ

∂I0

)
c

]
Îk0 (50)

then we can eliminate this differential drift. It is important to note that the terms κ and θ

contain all even zonal harmonics and so we may incorporate many more terms in these

expressions when determining the relative semi-major axis. In this way we can eliminate

the secular drift to much higher order than the description of the relative motion.

We note that if we only keep the first order term in J2 when evaluating (50) then the

expression we obtain reduces to:

âk = −2aJ2

(
R

a

)2

sin 2IÎk0 (51)

where R is the equatorial radius of the Earth. In the limit that eccentricity is a first order

quantity, this expression agrees with that derived by Schaub and Alfriend [16].
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6.2 Separating the Solid Body Motion

In the expressions we have derived there are some terms which are independent of k. This

means that all the satellites within the formation will follow this motion. It describes the

motion of the whole formation, as a solid body, moving with respect to the guiding centre.

Separating out the terms independent of which satellite we are describing gives:

$F = −aχ sin τ −∆r12 a cos 2τ (52)

υF = −2χ+ 2χ cos τ +
(
∆λ12 + cos I∆Ω1

2

)
sin 2τ (53)

and

ζF = ∆I12 (1− cos 2τ) sin τ − sin I∆Ω1
2 sin 2τ cos τ (54)

This motion is periodic and we only need to keep the J2 terms in its description. We note

then that:

∆r12 =
1

4
J2

(
R

a

)2

sin2 I (55)

∆λ12 + cos I∆Ω1
2 =

1

8
J2

(
R

a

)2

sin2 I (56)

We also note that:

sin I∆Ω1
2 = −∆I12 = −3

8
J2

(
R

a

)2

sin2 I (57)

Substituting these expressions into the above leads to considerable simplification:

$F = −2aχ sin
τ

2
cos

τ

2
+

1

4
J2

(
R

a

)2

a sin2 I cos 2τ (58)

υF = −4χ sin2 τ

2
+

1

8
J2

(
R

a

)2

sin2 I sin 2τ (59)

and

ζF = −3

4
J2

(
R

a

)2

sin 2I sin τ (60)
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These expressions show how the formation moves around the guiding centre on the sky.

The motion is controlled by a combination of J2 and J3 terms. We note that the cross

track oscillation is dependent only upon J2 and therefore follows a simple oscillation over

each orbital period. The in-plane motion is dependent on both J2 and J3, consequently

having terms with both orbital and twice orbital frequency, and may therefore have a more

complex form.

6.3 Internal Satellite Motions

The remaining terms in (47), (48) and (49) then represent the internal motion of the kth

satellite inside the formation. These terms are:

$S = $0 − aek cos [(1− κ)τ − αPk] (61)

υS = υ0 + 2ek sin [(1− κ)τ − αPk] (62)

and

ζS = Îk0 sin τ − sin I
(

Ω̂k0 + θ̂kτ
)

cos τ (63)

where

$0 = âk + aρ̂ (64)

and

υ0 = −αe(1 + κ) + 2ek sin(αPk − αe) + Ω̂k0 cos I − 1

2
Îk0Ω̂k0 sin I (65)

which represent constant radial and along track offsets. If we were to convert epicycle

elements to classical orbital elements and neglect terms due to J2, these results agree with

those presented for the near-circular orbit case by Schaub [15]. We notice that in the

expression for ζS there is a secularly growing amplitude. We note, however, that θ̂k is a

second order term containing the product of J2 and the difference in orbital inclination of

the satellite and the guiding centre. So although this term will eventually become large and
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invalidate our analysis, the approximation is expected to be useful for several weeks. We

can combine the terms in equation (63) to obtain:

ζS = ζm sin [τ − Φ] (66)

where

ζ2m = Î2k0 + sin2 I
(

Ω̂k0 + θ̂kτ
)2

(67)

is the maximum cross track excursion made by this satellite. Φ is the phase of the

cross-track oscillation which can be found from the relation:

Îk0 tan Φ =
(

Ω̂k0 + θ̂kτ
)

(68)

Using equation (15) we find that

ρ̂ = −θ sin IÎk0 (69)

which we can then substitute into (64) to give:

$0 = âk − θa sin IÎk0 (70)

Since this represents a constant offset, then dropping second order terms would provide a

small bias in the model. We therefore recommend maintaining these terms to improve

accuracy. For the same reason we have kept a second order term in (65) as well.

This completes the description of the motion of any arbitrary satellite within the formation.

We have separated the motion into three components: the motion of the guiding centre, the

solid body motion of the formation and the motion of each satellite within the formation.

7 Inter-satellite Separations

We have now completed the description of the location of the kth satellite over time with

respect to the guiding centre. We now consider the description of one satellite with respect

to another within the formation. Since the formation is small, then to lowest order the

separation between the kth and the k′
th

satellites are just the differences of the relative
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coordinates found in the previous section. The components constant over the whole

formation will cancel out, so we only need consider the variation of equations (61), (62)

and (66). These expressions are easily computed as:

δ$ = δ$0 − aδe cos [(1− κ)τ −Ψ] (71)

δυ = δυ0 + 2δe sin [(1− κ)τ −Ψ] (72)

and

δζ = (Ik0 − Ik′0) sin τ

− sin I

(
Ωk0 − Ωk′0 − θδαe +

3

2
J2

(
R

a

)2

sin I(Ik0 − Ik′0)τ

)
cos τ

(73)

where:

δe2 = e2k + e2k′ − 2ekek′ cos(αPk − αPk′) (74)

and

tan Ψ =
ek sinαPk − ek′ sinαPk′

ek cosαPk − ek′ cosαPk′
(75)

and

δαe = n(tek − tek′) (76)

8 Results

8.1 Frequency Modelling

In equations (47) and (48) we note that the eccentricity and long periodic terms have a

slightly different frequency. This causes a precession of the eccentricity vector. Our model

would be simpler if these frequencies were the same. Figure 4, however, shows the errors

that would result if we were to ignore this frequency shift. The error is periodic with the

orbital frequency but only the envelope of this error is shown. The steady growth of this

envelope is due to the drift in phase with the true motion. We see that the error reaches a

maximum amplitude in just 33 days, at which point the model is π out from the correct
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Figure 4: Envelope of along-track errors caused by using single frequency for eccentricity
and long periodic terms

phase and the error is therefore as large as the formation motion. An error of this size over

this timescale is clearly unacceptable.

8.2 Model Accuracy

In this section we shall verify the accuracy of the model described. We shall present three

experiments in which we shall consider the secular terms for the formation, the rigid

formation motion and the intersatellite motions separately. In these experiments we

consider a satellite formation which projects onto the sky as a circle. The physical size of

the formation is inside a cube of side 5km. The relative orbital elements of one of these

satellites in this formation are given in table 1.

Consider first the location of the guiding centre. We set as our target that we wish to

locate the guiding centre to within 10% of the size of the formation over a period of seven

days. The secular terms appearing in equations (1) are expressed as a sum over zonal

harmonics and with this in mind we ask how many terms should we keep in the

summations? We evaluated the motion of our guiding centre including all zonal terms up

to J30 to use as our reference and considered the error in locating the orbital plane
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Table 1: Relative orbit parameters used with respect to Guiding Centre.
âk(km) Îk (deg) Ω̂k (deg) ek αe (deg) αp (deg)

0.0031778 -0.0144694 -0.0204628 0.0001786 -0.0370882 -45.000

containing the guiding centre around the equator, and its along track location. In figure

5(a) we show the length of time the model remains accurate to our 500 metre criterion due

to the error in κ. The equivalent plot for θ shows very similar results. Figure 5(b) shows

the error in guiding centre orbital radius due to an error in ρ. An error in calculating the

radius (equivalent to the semi-major axis since the orbit is circular) will lead to an

along-track drift. This drift must be smaller than the drift we aim to cancel out by using

the condition in equation (50). The plots show the results for three orbits at inclination of

40, 70 and 100 degrees. We find that we need to keep terms up to and including J12 to

maintain accuracy for one week. We note that some orbits, in particular polar and

equatorial orbits may require a different number of terms to remain accurate.

In section 6, we describe a simple technique for removing the differential secular drift. If

uncorrected, and therefore with the satellite semi-major axis matching that of the guiding

centre, the drift of our satellite with respect to the guiding centre would be 445m/day. By

applying equation (51) to select the satellite semi-major axis, the drift is reduced to just

0.052m/day. This residual drift is third order.

Our second experiment considers the accuracy of the solid body motion of the formation.

In this experiment we compare the analytic model using equations (58) to (60) with a

propagation of epicycle orbits using the full epicycle description of the motion (equations

(1)). To separate out the solid body motions we employ (âk0, Îk0, Ω̂k0, ek, αe, αp) = 0 in our

relative motion model and compute initial conditions. These are then used in the epicycle

evolution. All the inter-satellite motions in equations (61) to (63) then vanish leaving just

the solid body effects. This comparison shows the significance of ignoring second order

periodic effects due to J2 and J3 in our relative motion model. Figure 6(a) shows the

along-track and radial errors in metres as a function of time, measured in days. The
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(a) (b)

Figure 5: (a) Time taken for secular drift error in guiding centre position to grow to 500m as
a function of number of geopotential terms used in evaluating κ (b) Error in guiding centre
radius as a function of number of terms used in evaluating ρ

along-track error is periodic at the orbital frequency and has a maximum amplitude of

0.52m. The cross-track error is also periodic and has a maximum amplitude of 0.31m. This

is the expected magnitude associated with second order periodic terms. The radial error

shows a much smaller amplitude, but there is a bias of 1.99 metres. This is due to a second

order constant contribution from the χ2 term omitted in the model. To correct this bias,

we may rewrite equation (58) as

$F =
1

2
χ2 − aχ sin τ +

1

4
J2

(
R

a

)2

a sin2 I cos 2τ (77)

The final experiment tests the accuracy of the inter-satellite motions. We consider four

satellites, each in a formation that projects a circle in the plane of the sky, with the

diameter of this circle varied over 2.5km, 5.0km, 7.5km and 10.0km. In figure 7 we show

the envelope of the along-track errors as they grow over time. The actual errors are

periodic, but the amplitude grows due to combinations of first order periodic terms with

secularly growing terms. The growth is slow and therefore we interpret these figures as the

lifetime over which the model is valid. We see from the figure that the amplitude of the

errors grows with time and that the envelope becomes larger for larger formation sizes.

These results show that the model is valid over a long period of time (50 days) and incurs

an along-track error of around 130m over this time. The errors in the cross-track and radial
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(a) (b)

Figure 6: Position errors in solid body motion due to neglected second order terms. (a)
Along-track errors (b) Radial errors

directions follow a very similar trend, reaching 130m and 60m respectively in 50 days. A

small bias may be noted in the radial error due to two constant second order terms omitted

from the model. We can add these terms into equation (64) to give

$0 = âk + aρ̂+
1

2
ek (ek − 2χ sin(αPk + κτ)) (78)

8.3 Estimating Formation Lifetime

If there is any inclination difference between the satellite and guiding centre orbital planes

then there will be differential precession of the orbital planes around the equator due to J2.

This separation of the orbital planes causes a growth in Ω̂k and hence will cause the

amplitude of the cross-track motion to increase to a point where the formation loses its

desired form. Equation (67) shows that the cross-track motion amplitude is dependent

upon Îk0, Ω̂k0 and θ̂kτ and so clearly the formation lifetime will vary for each combination

of Îk0 and Ω̂k0 and and will also depend on the allowable variation in cross-track motion

amplitude. However, it is possible to estimate a general formation lifetime. If we assume

that Ω̂k0 = 0 and that the lifetime will be defined by the time it takes for the secular term

to grow as large as the inclination difference, then the lifetime can be estimated by

τl =
Îk0

sin Icθ̂k
(79)
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Figure 7: Envelope of the along-track errors in satellite motion. Errors are periodic and
grow due to neglected second order terms incorporating higher order secular terms.

where τl is the formation lifetime measured in terms of orbital phase. On substitution for

θ̂k this gives

τl =
2

3J2 sin2 Ic

(ac
R

)2
(80)

which is equivalent to a formation lifetime of approximately 16 days. We should note that

this lifetime is the time for which we expect a formation to remain in a useful configuration

under the influence of only natural dynamics, not the lifetime for which our model remains

valid.

9 Conclusions

In this paper we have developed the epicycle model of satellite motion in LEO to take

account of the relative motion between satellites flying in formation. This approach is

significantly different from other approaches which seek to develop a set of differential

equations for the relative motion. The advantage of our approach is that it separates out

the different types of motion, especially the secularly growing motion. The analysis shows

that we can best describe the relative motion as a combination of three components: the

motion of a guiding centre that drifts secularly about the Earth; the periodic motion of the
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formation about this guiding centre and the motion of individual satellites with respect to

the formation. By breaking down the motion into these components, the motion of each

component is kept simple, but the combination of the motions can describe the complex

relative motions observed in numerical propagations.

The results show that we are able to define a formation guiding centre that can give us the

absolute position of our formation to within 500m over a seven day period. We have noted

that to first order, the differential effects of J2 and J3 between satellites can be ignored and

the principle effect of these perturbations is to cause a periodic motion of the formation as

a solid body, about the guiding centre. We are able to model this motion to a sub-metre

level of accuracy. We then demonstrate that this model may be used over extended

timescales, showing a modelling error in the internal satellite motion that grows to

approximately 100m over a 50 day time period.

By considering the differential drift rate of the orbital planes, we are able to make an

estimate of the lifetime of a satellite formation moving under only natural dynamics. We

have shown that our model is valid for timescales well beyond this lifetime.

As part of on-going research, a formation design tool is being developed that uses this

description of the relative motion to design formations of satellites in LEO. This tool

allows us to set up simple but practical formations and due to the simple form of the

model, we are able to determine the orbital elements required for each satellite.

This model is a generalisation of the Hill solution. If we were to neglect the solid body

motion and if the formation is sufficiently small such that we can neglect differential J2

terms then our model would then reduce to having no solid body motion of the formation

with respect to the guiding centre. As in the Hill solution, the guiding centre is a reference

point moving on a perfectly circular orbit. Hence our solution is a natural extension of the

Hill solution, where the secular terms have been incorporated into the guiding centre

motion and there is an additional motion of the whole formation with respect to this

guiding centre due to the gravitational perturbations.
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