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Abstract—Satellites orbiting in Low Earth Orbit (LEO) are 
accelerated by Earth gravity and dominant orbital 
perturbations due to Earth oblateness and atmospheric drag. 
The equations of motion describing such a motion are 
highly nonlinear in nature. Linearized orbital models only 
approximate these nonlinear dynamics. The difference 
between a linearized model and full nonlinear dynamical 
equations of motion is termed as process noise. To 
determine the accuracy of these approximate models, we 
need to compare these with numerical integration of the full 
non-linear dynamical equations. Linearized solution 
propagations are characterized by a set of initial conditions 
which determine orbital evolution. The question arises on 
how to choose the initial conditions of the analytical 
approximation appropriate to a given choice of initial 
conditions for the numerically propagated orbit such that the 
process noise is minimized. An algorithm is developed, 
based upon the statistical method of nonlinear least squares 
to compare linearized orbital models for relative and 
absolute satellite dynamical motion with numerically 
propagated orbits to evaluate their accuracy. Due to recent 
interest in formation flying missions a comparison of 
accuracies of linearized relative orbital models i.e., Hill-
Clohessy-Wiltshire (HCW) equations [1],  J2 Modified Hills 
equations by Schweighart-Sedwick (SS) [2], and for 
absolute orbital models described by analytical equations for 
Kepler’s problem [3] and Epicycle Model by Hashida and 
Palmer [4] have been carried out.1 2 
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1. INTRODUCTION 

Satellites dynamics around the earth are described by 
second order nonlinear differential equations. These 
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equations do not have analytical solution except for 
Kepler’s problem for circular and elliptical orbits where 
spherical earth restrictions are applied. Due to Earth’s 
oblateness zonal harmonics of geo potential are to be 
incorporated to describe the two body (Earth-Satellite) 
dynamics. In order to understand the underlying nature of 
such a dynamical motion analytical solutions are needed. 
Therefore, simplifications and assumptions are carried out 
in the equations of motion to linearize them and then apply 
mathematical methods to derive analytical solutions. These 
simplifications, on one hand makes the analytical 
description easier to arrive at, also makes the true motion 
diverge. 

As it is stated earlier the difference between the nonlinear 
and approximate motion is due to process noise. The 
process noise in an analytically derived model in general is 
a time varying quantity, depending directly on the 
approximations and restrictions applied on the system. This 
varies the fidelities of these models and their use for actual 
satellite missions. Problem arises when these models are 
compared with numerically obtained non linear trajectories. 
Therefore, there is a need to understand and quantify the 
amount of approximations of linearized orbital models. 
Process noise is mathematical modeling error which can be 
minimized from analytic solutions using statistical methods 
in order to assess their accuracy and long term applicability. 

Satellite Absolute Motion 

The orbital motion of a satellite around the Earth is 
described in its simplest form found out empirically by 
Kepler about 400 years ago [3]. The acceleration of the 
satellite in a gravitational field is given by Newton’s law of 
gravity. Spherically symmetric Earth and negligible mass of 
satellite compared to Earth imposed restrictions in basic two 
body dynamics captures only main features of the orbit.  
Therefore, the effects of nonspherical Earth on the orbits of 
satellites has been studied extensively since around 50 
years. Evolution of satellite orbits are expressed in terms of 
instantaneous Keplerian orbital elements or osculating 
elements. Gauss’s planetary equations of motion describe 
evolution of these orbital elements under perturbing forces 
[5]. Kozai [6] and Brower [7] found out analytic solutions of 
perturbed orbital elements of a satellite. Hashida and Palmer 
[4] presented analytical formulations of a near circular orbit 
of a satellite about an axisymmetric potential. All of the 
above analytical solutions are elegant descriptions of a 
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naturally occurring perturbed satellite orbit albeit complex 
and mathematically rigorous. The analytic solution to 
Kepler’s problem for spherically symmetric Earth and basic 
two body problem is possible without any linearization. 
However, for nonspherical Earth the equations of motion are 
linearized about the true trajectory and other assumptions of 
circular or low eccentricity orbits. Therefore, the analytic 
propagation of orbits are not very accurate for long duration 
of time when compared to true trajectory due to growth of 
errors especially due to linearization process and other un 
modeled secular and periodic accelerations. 

Satellite Formation Flying 

Satellite formation flying has received extensive attention 
for global observation, communication and stellar 
interferometry, due to advantages of flexibility and low cost. 
Therefore, satellite relative motion dynamic models for 
design and propagation of relative orbits were derived. The 
earliest model of relative motion was Hill’s linear model [8] 
of the motion of the moon with respect to Sun-Earth system, 
based on the assumption of circular reference orbit. After 
about a century later linear relative motion modeling of 
close and neighboring satellites was performed by Clohessy 
and Wiltshire [1]. These equations (HCW) assume that the 
distance between the satellites is small compared to the orbit 
radius, a basis for linearizing the equations of motion. The 
linearized differential equations describing the relative 
motion in unperturbed elliptical reference orbits were 
presented by Lawden [9] and Tshauner-Hempel [10]. 
Satellite formation design can be accomplished by selecting 
six initial conditions for relative motion in local-vertical-
local-horizontal (LVLH) frame or equivalently, six 
differential orbital elements. Inalhan et al [11] developed an 
initialization procedure for elliptical reference orbits. In all 
of these studies, the dynamic equations of relative motion 
ignored orbital perturbation such as Earth’s oblateness, 
which was taken into account by other researchers such as 
Schaub and Alfriend [12], and Gim and Alfriend [13,14]. 
Sabol et al [15] carried out investigations on the effects of 
gravitational perturbations and atmospheric drag on satellite 
formation design based on HCW equations. Alfriend et 
al.[16] found out relationship between relative motion in the 
LVLH farme and differential orbital elements to account for 
effects of eccentricity and  gravity perturbation J2. This 
feature has been utilized by Vadali et al [17], Alfriend and  
Yan [18], and Schaub [19] to design formations in non 
circular orbits. Halsall and Palmer [20] developed satellite 
relative equations of motion based on Epicyclic description 
of the orbit. There solutions utilizes natural dynamics, 
incorporating the zonal gravity perturbations with suitable 
initial conditions so that the satellites should follow close to 
a chosen configuration with little control. Sedwick and 
Schweighart [2] improved HCW equations to account for 
gravitational perturbation J2.  

In this paper an algorithm is developed, based upon the 
statistical method of nonlinear least squares to compare 
linearized orbital models for relative and absolute satellite 

dynamical motion with numerically propagated true orbit to 
evaluate their accuracy. The algorithm has been adapted 
from Kalman filter time update variance propagation 
equation without process noise and linear least squares 
formulation being used for orbit determination. Unlike, real 
orbit determination problem where observations are a 
nonlinear function of state in Earth Central Inertial (ECI) 
orbital coordinates; here the observations are obtained by 
numerically integrating the true equations of motion to 
obtain ECI coordinates directly without adding noise. The 
residuals are formed as difference of numerically 
propagated orbit and linearized orbital coordinates. A 
performance index is selected as the sum of the squares of 
the calculated observation residuals. The least squares 
solution selects the estimate of initial state / condition as 
that value that minimizes performance index. 

2. DEVELOPMENT OF LEAST SQUARES 

ALGORITHM 

This algorithm is essentially a form of Gaussian-least-
squares-differential-correction (GLDC) used for orbit 
determination. Nonlinear model expressed in ECI 
coordinates is considered as true model: 
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where X, Y, and Z are the coordinates in inertial frame, and √ . The inertial frame is defined such that 
X axis points to the vernal point in the equatorial plane of 
the Earth, the Z axis is the axis of rotation of the Earth in 
positive direction, and Y is defined by the right-hand rule. 
The instantaneous true (reference) ECI position and velocity 

vector of a satellite , t , v


 is found by 
integrating the above equations of motion using numerical 
method (Runge-Kutta) RK-4. The ECI Cartesian 
coordinates for approximate analytic model are denoted by, , t , v


where,  is the vector of initial 

conditions or orbital parameters. Given an analytically 
described dynamic model which approximates the Non 
linear motion and set of orbital data generated by integrating 
equations motion (1-2), the task of estimation algorithm is 
to estimate the orbital elements / state vector which can be 
any of the parameters expressed as: , Cartesian , , , , , LVLH 
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Now consider that the reference model has been accurately 
modeled less some process noise  Therefore, one may 
write: 

                         , t P , t )  (3a) 

                         , t P , t   (3b) 

Consider  as independently distributed normal random 
variable with mean  and σ2 as variance. The normal or 
Gaussian distribution of  is represented by: 
 ~ ,  

 
Now consider  has 0, therefore the expression for 

the variance may be written as: 

 

                              (4) 

          
In order to minimize difference between the truth orbit , t  and P , t , consider variance  as cost function 
(equation 5), which is required to be minimized. The usual 
procedure is to differentiate the cost function with respect to 

 and set it equal to 0: 

                                (5) 

0 

Now consider the trajectory , t  has a neighborhood / 
close trajectory represented by , t  where,  is the 
initial estimate for the actual . Therefore, one can expand 
the expression , t  around  in Taylor series as: 
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Neglecting higher order terms for now and using equation 
(5) we may write: 
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Substitute equation: 7 in equation: 5 and setting it equal to 0 
one may formulate an iterative scheme for updating the 
initial state / parameter: 
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In order to cater for higher order terms of Taylor series 
being neglected we will find out the closest state vector 
approximation iteratively until the difference 
between  and  is less than some tolerance. At this 
time   has converged to its optimum value. The idea here 
is minimization of process noise  which is inherent in 
mathematical modeling of dynamic system, wherein we find 
out initial conditions for P , t   which generates a closely 
fitting trajectory to the numerically propagated nonlinear 
trajectory  , t  .  

3. COMPARISON OF ABSOLUTE SATELLITE 

DYNAMICS 

Kepler’s Equation for Unperturbed Orbit 

The motion of a satellite in spherically symmetric  force 

field of a central mass is referred as Kepler’s problem or 
two body problem [3]. Kepler’s equation allows us to 
determine the relation of time and angular displacement of a 
satellite within an orbit. The Kepler’s equation is 
mathematically expressed as: 
 

                        (9a) 

   
                   (9b)
   
where , M, E, e, n and  are mean anomaly, eccentric 
anomaly, eccentricity, mean motion and time of perigee 
passage respectively. Kepler’s equation relates the time t to 
the coordinates  and  in the orbital plane via the eccentric 
anomaly. One must know the time of perigee passage and 
semi major axis to calculate mean anomaly. Then one may 
find value of E that fulfills equation (9a) and finally obtain 

 and  in orbital plane of satellite given by equation (10). 
Kepler’s equation is usually solved using iterative methods. 
Three dimensional position and velocity vectors can be 
found out using equation (11). 
 
                           :   (10a) 

                            : √1    (10b) 
or equivalently 
  1      (10c) 
 
using perifocal coordinates one may express the three 
dimensional position by: 
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                    cos e a√1 e     (11a) 
   
and the velocity by 
 

                                      (11b) 

         √  – sin  √1 cos    (11c) 

 
The angles of i ,Ω, ω known as inclination, right ascension 
of the ascending node and argument of perigee respectively 
are employed in rotation transformation to convert perifocal 
coordinate system into ECI. The rotation matrices are given 
in equation (12):   
 

                   (12) 
 
In order to utilize the least squares algorithm analytic 
expression for state transition matrix (STM) as in equation 
(8) is needed which are obtained from ref [3]. The orbital 
parameters selected as epoch / initial conditions for 
reference orbit are; a=6863.100 km, e=0.0001, I0=98 deg, 
Ω0= 0 deg ,ω =0 deg, ν=0. Time span of 10 orbital periods 
are selected for these experiments. The comparison with 
reference trajectory is expressed as relative position and 
velocity deviations in LVLH coordinate frame of reference 
satellite. As shown in fig:1&2 the positional errors are in 
order of 10-4 m and velocity errors in order 10-8 m/s for 
Kepler’s problem. However, these equations are compared 
with nonlinear model (equation 1&2) without J2. 
 

 
 
Fig: 1 – Time history of position errors [Kepler’s 
problem compared with two body dynamics (equation 
1&2) without J2] after modifying initial conditions. 
 
The comparison for Kepler’s solution is then carried out 
with J2 perturbed nonlinear equations. The same initial 
conditions are now provided to both the propagators and 
estimation algorithm is invoked to acquire optimal initial 
conditions _ . The optimal initial conditions in classical 

Keplerian elements are: 
 
  

a = 6859.714 km, 
e = 3.84 10  , 
I0 = 98.016 deg, 
Ω0 = 0.353 deg, 
ω = 178.85 deg, 181.195 . 

 
The time history of position and velocity in LVLH 
coordinate frame of reference satellite are shown in figure: 
3&4. The maximum positional and velocity errors are 
summarized in Table: 1. J2 perturbed orbits are 
characterized by secular and periodic variations (short 
periodic and long periodic) in their osculating epicycle 
coordinates [4]. Argument of latitude and right ascension of 
the ascending node have secular terms which grow over 
time. The worst case error is observed in cross track 
direction. Cross track motion is primarily due to difference 
in inclination and right ascension of the ascending node. As 
Kepler’s solution assumes spherical Earth and neglects geo-
potential harmonics therefore a significant cross track 
motion error is observed. It is due to secular and periodic 
variations in right ascension of the ascending node and 
inclination. Radial and intrack errors are also of significant 
deviations. However, all these errors are considerably less if 
compared to orbits once initial conditions are not estimated. 
The plots of positional and velocity errors without estimated 
initial conditions for Kepler’s problem are shown in figure: 
5&6. A significant drift term in intrack motion is due to 
secular term in argument of latitude growing over time and 
difference in semi-major axis “a”. The radial errors are 
more or less periodic in nature, with a constant offset term 
which is due to offset term and short periodic variations in 
osculating radial component with J2. 
 

 
 
 
Fig: 2 – Time history of velocity errors [Kepler’s 
problem compared with two body dynamics (equation 
1&2) without J2] after modifying initial conditions. 
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TABLE 1 

Summary of Maximum Absolute Position and Velocity 
Errors in LVLH Coordinates over 10 Orbital Periods 

Kepler’s Problem 

IC Position (m) Velocity (m/s) 

R I C R I C 

 7906 318834 83668 6.82 14.78 90.88 x _  3136 852 41904 3.65 1.77 44.38 

IC – Initial Conditions 
R – Radial, I – In-track, C – Cross-track 

 – Unmodified, _  – Modified  

 

 
 
Fig: 3 – Time history of position errors [Kepler’s 
problem compared with two body dynamics (equation 
1&2) with J2] after modifying initial conditions. 
 
 

 
Fig: 4 – Time history of velocity errors [Kepler’s 
problem compared with two body dynamics (equation 
1&2) with J2] after modifying initial conditions. 

 

 
 
  
Fig: 5 – Time history of position errors [Kepler’s 
problem compared with two body dynamics (equation 
1&2) with J2] without modifying initial conditions. 
 

 
 
Fig: 6 – Time history of velocity errors [Kepler’s 
problem compared with two body dynamics (equation 
1&2) with J2] without modifying initial conditions. 

Epicyclic Motion of a Satellite About an Oblate Planet 

An analytic formulation for a near circular orbit of a satellite 
about an axisymmetric potential presented by Hashida and 
Palmer [4] is being used for least squares analysis. The 
model has a simple analytic form, describing all the 
geopotential terms arising from the Earth zonal harmonics. 
In this estimation problem terms up to J2 are utilized. The 
perturbed motion of a satellite about an axisymmetric planet 
can be described by epicycle coordinates expressed in 
equation 13. The position of the satellite is described by two 
osculating elements that define the orbital plane (the plane 
containing the position and velocity vectors) and polar 
coordinates ,  on the orbital plane, where  is argument of 
latitude measured from initial ascending node. This greatly 
simplifies the description: 
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where ακβ )1( += , 
2xΔ are short periodic coefficients due 

to the J2 first order perturbations and ϑκρ ,, are secular 

variations given by [4]: 34 4 5  

32  

14 2 3   

Various other terms used are; a, semi major axis; r, 
osculating radius; I0, Inclination; Ω0, Right ascension of the 
ascending node; λ, argument of latitude; α = n(t - tE), where, 

tE, is Equator passage time; 
PPPP a

A

a

A αηαξ sin,cos == , 

where A, is Epicycle Amplitude and αP = n(tP - tE), where tP, 
is perigee passage time. The differentials of epicycle 
coordinates are obtained through equation (13): 
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The state vector / Epicycle parameters to be estimated are 
defined as: 

T
PP Ia ),,,,,( 0000 αηξ Ω=x    

The time history of ECI position and velocity are obtained 
by numerically integrating equations of motion (1&2) as 
was done for Kepler’s problem. The partial derivative 
matrix is obtained as STM [22]: 
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Where the subscript k represents the kth ECI coordinate at t 
= tk, and the vector “y” is: 

TIrIry ),,,,,,,( λλ  ΩΩ=    

and yk designates y at t = tk, or α = αk  

The coordinate [XI, YI, ZI] in ECI are expressed as through 
orbital coordinates (r, I, Ω, λ) as [22]: 
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Using equation (13) and velocity relations of equation (14), 
the ECI velocity relations are [22]: 
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Where, c & s, stands for cos and sin 

Results 

The initial conditions of the reference orbit are same as for 
the Kepler’s problem. Epicycle orbital parameters: 

T
pp ia ],,,,,[ 0000 αηξ Ω=x  

were found out by using least squares formulations for 
orbital data generated over time span of 10 orbital periods. 
The optimal parameters comes out as: 6863.10048  1.0021 10  3.2049 10  97.9999  Ω 5.932 10  4.0882 10  
 
With these estimates the orbit of satellite is propagated 
forward using equations (16-17) and then converted into 
LVLH frame. The results are presented in figure: 7-8. The 
error plots for both the positions and velocity are 
dramatically low and show convergence in estimates. Table: 
2 summarize maximum errors for position and velocity in 
LVLH coordinate system. Maximum in-track and radial 
positional errors are about 0.034 m and 0.19 m respectively 
over 10 orbital periods which is quite low. However, 
maximum cross track error is about 1.19 meters which 
shows very mild effect of process noise contents in out of 



 

 7

orbital plane direction. The error in velocity plots is also low 
on the order of 0.0001-0.0043 m/s. The epicycle 
propagation equations (13 & 14) also takes into account 
post epicycle coefficients for J2 i.e., J2

2 [4].  Thus the 
Epicycle model is quite accurate and shows improvement in 
fidelity with proper choice of initial conditions. 

 

Fig: 7 – Time history of position errors [Epicycle 
compared with two body dynamics (equation 1&2) with 
J2] after modifying parameters. 

 

Fig: 8 – Time history of velocity errors [Epicycle 
compared with two body dynamics (equation 1&2) with 
J2] after modifying parameters. 

The position and velocity errors for Epicycle model without 
modifying the parameters are now visited to compare the 
effectiveness of choosing appropriate parameters for orbital 
propagations. The results are shown in fig: 9 & 10. The 
positional errors for in-track direction show a secular drift 
and an increased growth of periodic errors in cross track 
directions. The in-track errors are due to inappropriate 
choice of semi-major axis “a” and “α0” and cross track 
errors due to slightly different I0 and Ω0. Therefore 
effectiveness of appropriate choice of parameters has 

become quite evident. 

Fig: 9 – Time history of position errors [Epicycle 
compared with two body dynamics (equation 1&2) with 
J2] without modifying parameters. 

 

Fig: 10 – Time history of velocity errors [Epicycle 
compared with two body dynamics (equation 1&2) with 
J2] without modifying parameters. 

TABLE 2 

Summary of Maximum Absolute Position and Velocity 
Errors in LVLH Coordinates over 10 Orbital Periods 

for Epicycle Model  

EP Position (m) Velocity (m/s) 

R I C R I C 

 2 47.86 2.14 0.0023 .0042 0.0037 

_ 0.19 0.034 1.19 0.0005 .0001 0.0043 

EP – Epicycle Parameters 
R – Radial, I – In-track, C – Cross-track 

 – Unmodified, _  – Modified  
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4. NONLINEAR RELATIVE MOTION  

A reference model which is nonlinear model (equation 1&2) 
is being considered to develop reference relative motion 
[21]. Relative motion is usually described in terms of two 
satellites, one out of which is considered as chief or target 
satellite and the other is referred as deputy or interceptor.  
The accelerations in inertial frame for chief satellite 
(designated by subscript c) and deputy satellite (designated 
by subscript d) with J2 are expressed as: 

)(2)
3

/(

)(2)
3

/(

d
rJdrdrdr

c
rJcrcrcr
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The relative motion in LVLH or rotating frame centered at 
chief satellite can be conveniently extracted using the 

direction cosine matrix for inertial to rotating (R/I) IR/ℜ  
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̂ with subscripts RIC are used for Radial In-track and 
Cross-track unit vectors, elsewhere R and I stands for 
rotating and inertial. The relative velocity in LVLH frame 
can be defined in LVLH using kinematic principle as: 
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As the relative position and velocity is now fully defined 
from the exact nonlinear equations of motion in the ECI 
frame, now this will be termed as reference model to be 
used as a basis for comparison. 

5. COMPARISON OF RELATIVE MOTION 

ANALYTICAL MODELS  

The comparison of fidelities of analytical models will now 
be carried out on the same lines as was done for absolute 
motion models. However, the example orbit of chief 

satellite was chosen as SAR Lupe-1 sun-synchronous orbit 
with, a = 6863.100 km, e = 0.0015961, I0 = 98.1794 deg, Ω0 
= 84.4914 deg, ω = 2.2798 deg, M = 133.5407 deg. Deputy 
satellite was selected to be in free orbit ellipse [2] relative 
orbit with epicycle amplitude A = 50 m. 

Hill-Clohessy-Wiltshire (HCW) Equations 

The HCW equations are given as [1]: 
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ECI Cartesians are used in this algorithm, therefore the 
procedure for development of relative motion equations 
given in equations (18-19) are utilized to write down 
equations of motion of Deputy / Chief in ECI giving 
following: 
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Where explicit representation of rotating coordinates is 
subscripted as “R”. The jacobian matrix F for the HCW 
orbit estimation of deputy satellite is obtained as: 

0

),(

x
F

∂
∂= kk vr



   (22) 

where, subscript “k” represents kth inertial coordinates at t = 
tk . The state vector to be estimated is: , , , , ,  

Results 

In order to carry out usefulness of the above formulations 
simulations were carried out. A free orbit ellipse periodic 
orbit initial conditions were obtained as [2] and initial 
epicycle phase 56 : 
 cos 27.95  2 sin 82.90  2 sin 82.90  0.0 2  0.0 
 
The above LVLH coordinates of deputy satellite are then 
converted into ECI Position and Velocity using equation 21. 
Now one has two sets of initial position and velocity one for 
chief and one for deputy. A numerical propagator is then 
employed to propagate the state forward to get 
instantaneous position and velocity with J2. Batch of orbit 
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data is taken for 10 complete orbital periods. The estimator 
is then invoked to estimate the optimal initial conditions _  for orbit of deputy came out to be: 
 
 33.22  87.18  83.57  0.2722 /  0.00241 /  0.0066 /  
 
 
The estimated initial conditions are then used for 
propagation of the orbits. The results are shown in figure 
11-12. 

 
 

Fig: 11 – Time history of position errors HCW equations 
after modifying initial conditions. 

The plots indicate growth of errors in all three directions. 
Table: 3 summarize errors in position and velocity 
coordinates. The worst case error is observed in In-track 
direction. The error is periodically increasing with a secular 
drift. The error has gone maximum of upto 40 m in 10 
orbital periods, owing to inability of HCW equations to 
capture difference in the orbital energies of satellite 
experiencing J2 which is due to difference in semi-major 
axis “a”. Bearing in mind precession of the orbit of satellite 
experiencing J2 around the North Pole of Earth and a 
continuous nodal drift, cross track motion is visualized. As 
stated earlier that the cross track motion is solely dependent 
on difference in the inclination and nodal separation of the 
two orbital planes which does not remain constant under the 
influence of J2. Thus there is increase in the error in cross-
track amplitude of maximum of 8 m in 10 orbital periods 
and continuous drift as viewed in the simulation results. The 
radial direction errors are also periodically increasing as the 
instantaneous semi-major axis of the perturbed orbit is also 
varying which is not captured by HCW equations. However, 
the errors are about maximum of 19 m in 10 orbital periods. 

 
Fig: 12 – Time history of velocity errors HCW equations 
after modifying initial conditions. 
 
The velocity plots indicate rise in error periodically over the 
experimental time span. This indicates the HCW equations 
are not true representative of nonlinear relative velocities 
especially with J2. Maximum error of 0.06 m/sec is 
observed in in-track direction. The velocity errors of radial 
and cross track are periodically increasing with maximum 
absolute error of 0.02 m/sec. The errors if estimation is not 
carried out are shown in Figure 13 & 14. The position errors 
clearly indicate breakdown of HCW solutions when 
compared with nonlinear relative motion. Moreover, 
sensitivity of these solutions to initial conditions are now 
clearly obvious. Errors in kms are observed in in-track 
owing to differences in orbital energies of satellites 
perturbed by J2.  Simplicity of HCW equations makes it the 
most favorable choice for relative motion analysis. The 
analysis under different choices of chief orbit is now being 
looked into. The most important parameters are a, I0 and 
eccentricity e. 
 
Orbit Eccentricity 
 
HCW equations are derived for circular orbit of chief with e 
= 0. Therefore, the solutions are not valid for moderate or 

TABLE 3 

Summary of Maximum Absolute Position and Velocity 
Errors in LVLH Coordinates over 10 Orbital Periods 

for HCW Model  

IC Position (m) Velocity (m/s) 

R I C R I C 

 406 12663 14 0.32 0.82 .01 

_ 19 40 8 0.02 0.06 0.01 

IC – Initial Conditions 
R – Radial, I – In-track, C – Cross-track 

 – Unmodified, _  – Modified  
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Fig: 13 – Time history of position errors HCW equations 
without modifying initial conditions. 

 

Fig: 14 – Time history of velocity errors for HCW 
equations without modifying initial conditions. 

highly eccentric orbits. Fig: 15 shows how the effect of 
eccentricity of chief orbit effect the errors in LVLH frame. 
Chief satellite is still with same initial conditions as for 
SAR-Lupe 1. However, now we vary the wide range in 
eccentricities and estimate the orbit for one orbital period to 
find out growth of errors. The growth of errors is set to be 
within 5% of free ellipse orbital size over one orbital period. 
The range of eccentricity for this type of orbit comes out to 
be: 0 2.5 10 . Therefore, the choice of “e” can be 
made depending on maximum error. 
 
 
Semi Major Axis and Inclination 
 
Orbit semi major axis and inclination are two parameters 
which appear in the expressions for secular and periodic 
terms in J2 perturbed orbits. Therefore, the effect of growth 
of errors is also of significant importance. The errors are 
observed to be less than 5% of orbital size in all the three   
directions over only 1 orbital period (shown in fig: 17 to 19) 

 
Fig: 15 – Maximum position errors for HCW equations 
with modified initial conditions over 1 orbital period. 

 

Fig: 16 – Maximum velocity errors for HCW equations 
with modified initial conditions over 1 orbital period. 

However, there is an increased positional error at lower 
inclination and lower orbital semi major axis. As initial 
conditions are chosen using least squares, therefore the error 
growth is significantly less compared to error statistics 
provide in Table: 3 for initial conditions selected without 
estimation. 
            
J2 Modified HCW Equations by Schweighart and Sedwick 

(SS) 

Traditional HCW equations assume circular chief / 
reference orbit, spherical Earth and linearized differential 
gravity accelerations. Therefore, the solution to HCW 
equations (20) breaks down when these assumptions are 
violated. Therefore, a need was felt to derive equations that 
describe the relative motion of satellites under the influence 
of eccentric chief orbit, non linear differential gravity and 
oblate Earth. The effect of zonal spherical harmonic J2 due 
to oblate nature of our planet are most significant 
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perturbations and will be discussed here. In this section  

 

Fig: 17 – Max position errors (radial) for HCW. 

 

Fig: 18 – Max position errors (in-track) for HCW. 

 

Fig: 19 – Max position errors (cross-track) for HCW. 
 

 “High Fidelity Linearized J2 Model for Satellite Formation 
Flight” given by Schweighart & Sedwick [2] will be 
analyzed and estimation process will be carried out. The J2 
modified Hills Equations for relative motion between two 
satellites under the effect of J2  is given by [2]: 
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(23) 

In this model the angular velocity vector of rotating frame is 
modified and the value of mean motion “n” is slightly 
varied by a factor “c” for In-plane. Equations are still 
decoupled into in-plane and out-of-plane directions. 
However, angular frequency of cross track motion is 
changed to “q”. The expressions for these constants and 
solutions to these equations are given in ref [2]. 

Results 

The estimation process for J2 Modified Hills Equations was 
carried out. The initial conditions provided to the chief and 
deputy orbit in LVLH are obtained from SS model initial 
velocity corrections given as in [2], with A = 50 m and 65  : cos 21.13  2 sin 90.63  2 sin 90.63  0.0503 /  0.0469 /  0.0469 /  
 

The LVLH coordinates of deputy satellite are then 
converted into ECI Position and Velocity. A numerical 
propagator is then employed to propagate the state forward 
to get instantaneous position and velocity with J2. Batch of 
orbit data are taken for 10 orbital periods. The task of orbit 
estimator is now to estimate the orbit of deputy:  , , , , ,  

The optimal initial conditions  came out to be: 12.20  90.37  90.75  0.3127 /  0.0159 /  0.1111 /  

Error plots in the relative orbit of deputy propagated by 
numerical propagator and with the newly estimated state 
vector using analytical formulations for Modified Hills 
Model for 10 orbital periods is shown in Fig 20-21. Table: 4 
summarize the position and velocity error statistics. A 
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considerable improvement is observed in all the three local 
coordinates. Although the error plots are not encouraging in 
in-track only, however, they provide useful insight into the 
dynamics and their growth in In-plane is reduced when 
compared with HCW model. Firstly because of the 
modification carried out in mean motion of chief satellite by 
a factor “c” in In-plane. Secondly, the drift rate has also 
been reduced due to correct initial conditions applied for 
elimination of secular growth in In-track motion. The In-
plane growths are periodic in nature. 

 

 

Fig: 20 – Time history of position errors for SS model 
after modifying initial conditions. 

 

Fig: 21 – Time history of velocity errors for SS model 
after modifying initial conditions. 

In radial direction the error is about max 10 m. In cross-
track the error is max 5 m. For comparison purposes the 
same initial conditions were used to observe the deputy 
satellite without estimation. The error plots for position and 
velocity are shown in Figures: 22 & 23.  As expected, the 
errors are substantial especially in in-track direction where it 
grows up to 2.744 km in 10 orbital periods. Whereas, the 
cross track error and radial errors are 260 m and 7.4 m. 

 

Fig: 22 – Time history of position errors for SS model 
without modifying initial conditions. 

 

Fig: 23 – Time history of velocity errors for SS model 
without modifying initial conditions. 

 

TABLE 4 

Summary of Maximum Absolute Position and Velocity 
Errors in LVLH Coordinates over 10 Orbital Periods 

for SS Model 

IC Position (m) Velocity (m/s) 

R I C R I C 

 260 2744 7.4 0.26 0.56 0.007 

_ 10 16 5 0.010 0.020 0.005 

IC – Initial Conditions 
R – Radial, I – In-track, C – Cross-track 

 – Unmodified, _  – Modified  
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Epicycle Relative Motion 

Now Epicycle model as discussed earlier for absolute 
motion is now being considered for relative motion between 
a chief and deputy satellite. The two satellites are still 
considered to be in the orbit as was the case for example in 
HCW (discussed earlier). However, the orbits are now 
propagated using estimated or optimal Epicycle parameter   
separately for chief and deputy. The motion is then 
transformed in LVLH coordinate frame. The optimal initial 
conditions in LVLH frame comes out to be: 
 27.96  82.90  82.90  0.2685 /  0.0166 /  0.0058 /  

 
Comparison of these two orbits is done with numerically 
propagated orbits. The errors in position and velocity is 
summarize in Table: 5. 
 

TABLE 5 

Summary of Maximum Absolute Position and Velocity 
Errors in LVLH Coordinates over 10 Orbital Periods 

for Epicycle Model  

IC Position (m) Velocity (m/s) 

R I C R I C 

_  3.7x
10-3 

9.2x
10-3 

1.3x
10-3 

4x10-6 9x10-6 3.5x
10-5 

IC – Initial Conditions 
R – Radial, I – In-track, C – Cross-track _  – Modified  

 

 

Fig: 24 – Time history of position errors for Epicycle 
model after modifying initial conditions. 

 

Fig: 25 – Time history of velocity errors for Epicycle 
model after modifying initial conditions. 

The errors in position and velocity are substantially low. 
This shows how well relative motion between two 
analytically propagated orbits can be achieved compared to 
same relative motion propagated by numerical integrations 
of equations of motion. 

6. FREE PROPAGATION ERROR GROWTH 

The relative motion models discussed in this paper are then 
observed for growth of error in three LVLH Cartesian 
positions when propagated forward in time after being 
initialized with optimal initial conditions / parameters. The 
least square fit span is considered as one orbital period and 
10 m error limit is considered for maximum allowable error. 
Table: 6 provide the error statistics for positions and 
velocity. The plot for HCW, SS and Epicycle model are 
shown in fig: 26 to 28. 
 

 
 

Fig: 26 – Time history of growth of position errors for 
HCW model (modified initial conditions). 
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Fig: 27 – Time history of growth of position errors for 
SS model (modified initial conditions). 

 

Fig: 28 – Time history of growth of position errors for 
Epicycle model (modified initial conditions). 

Table: 6 indicate time (in orbital periods) in each direction 
when the error grows to approximately 10 m.  
  

TABLE 6 

Summary of Absolute Position Errors Limit Criteria of 
10 m  

IC/EP Time(Orbital Periods) 

R I C 

HCW 4.10 1.24 10.69 

SS 6 3.72 15 

Epicycle 766 442 957 

IC/EP – Initial Conditions / Epicycle Parameters 
R – Radial, I – In-track, C – Cross-track 

 

7. CONCLUSION 

In this paper we carried out an analysis of fidelities of 
different orbital models. The error statistics are tabulated to 
assess their long term growth. The analytical models greatly 
enhance understanding of complex orbital motion. 
However, due to simplifications and neglect of actual 
dynamics may lead to considerable errors especially for 
formation flying missions. The initial conditions found out 
through estimations does not produce desired relative 
motion. They are meant to generate analytical model 
trajectories which are very close to actual or reference 
nonlinear trajectory produced by numerical integration. By 
using these least squares formulations we have been able to 
reduce positional errors considerably in all the three 
directions. For Kepler’s problem the error is reduced by 
60% in radial, 99.7% in in-track, 49.9% in cross track 
respectively. For Epicycle model it is reduced by 90.5% in 
radial, 99.92% in in-track, and 44.39% in cross track 
respectively. In SS model the reduction amounts to 96% in 
radial, 99.4% in in-track and 32.4% in cross track and in 
HCW it is reduced to 95.3% in radial, 99.68% in in-track 
and 42% in cross track. Thus, these formulations can be 
used to generate forward propagation for evolution of orbits 
and for orbit controls. In orbit control scenario one may 
modify the initial conditions to generate an orbit which is 
very close to perturbed orbit and then apply control 
corrections to achieve desired trajectory.        
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