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Abstract

The perspective reconstruction of a spheroid’s position and orientation from a single image plane
ellipse is derived, by direct inversion of the projection equations, assuming the semi-major and semi-
minor axes are known. Attention is paid to the geometric interpretation of the reconstruction. The
reconstruction is formulated and reduced to an eigenvalue problem, to yield 2 solutions for the spheroid’s
position and orientation. The symmetry of the polar planes for these solutions are then deduced.
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1 Introduction

Many applications use (or would like to use) the projections and reconstructions of classical geometric
objects such as spheroids or ellipsoids as simplified representations of more complex objects (see Gärtner
and Schönherr [1]). In robotics, Roberts [2] describes methods for reconstructing planar-surfaced objects
from their perspective projections which provides a valuable starting point for future object detection systems
but has not developed the theory to further objects such as conics. Similarly, in motion planning Poignet
et al. and Liu et al. ([3],[4]) describe how ellipsoids are often used to describe an object’s positional error
in order to calculate collision risk. From its projection an ellipsoid can only be reconstructed up to a single
parameter however modelling the target’s error in position with a spheroid yields unique solutions which
could then mean faster image processing and collision risk analysis.

The projection of these geometric objects and polygons onto planes is not a new topic and much literature
has been gathered over the years for such scenarios described above. Typically a simple type of projection
is considered - the orthographic projection (see Millar and Maclin [5]). This approximation is suitable for
some scenarios, where the depth of the object of interest is small in comparison to the object’s distance from
the camera, or depth images are being analyzed. However, a typical pin-hole camera is more accurately
described mathematically by a perspective projection: all points (x, y, z) in the camera frame are projected
towards a focal point at the origin, their intersection with an image plane at x = f giving the resulting
image.

Because the mathematical construct of a perspective projection and thus reconstruction is much more
complicated (see Zisserman and Mundy [6]), this approach is typically avoided and estimations are used.
Approximate modelling methods are described by Horaud et al. [7] with varying levels of accuracy. Two ex-
amples of these alternative projections are the para-perspective (see Horaud et al. [7]) and weak-perspective
projection models (see Osterman et al. [8]) which combine both the orthographic and the perspective projec-
tion to give a more accurate approximation of the perspective projection than the orthographic projection.
Any of these approximations introduce qualitative errors as they differ from the perspective projection. It
is therefore appealing to derive an analytic perspective projection and reconstruction algorithm, to remove
approximative errors and increase computational speed.

The reconstruction process of an ellipsoid (or spheroid) is more challenging than its projection: the
polar plane (see Wylie [9]) is not uniquely defined and there is a locus of possible solutions, even when
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the dimensions of the ellipsoid are known. Eberly [10, 11] gives a most elegant method for finding the
numerical perspective reconstruction of an ellipsoid: by maintaining the quadratic form of the ellipsoid Eberly
uses a combination of geometric and algebraic arguments to quickly determine the ellipsoid reconstruction.
However, the equations do not give a simplified description of the resulting reconstructed ellipsoid as a
function of the ellipse parameters and as such it is difficult to gain a geometric understanding and how
variations of these parameters affect the reconstruction.

No literature exists for reconstructing the degenerate ellipsoid, or spheroid. A spheroid is distinguished
from an ellipsoid in that it has an axis of symmetry. Ryad et al. [12] describe how many objects can be
accurately described as axially symmetric objects, a view shared and exploited in tomographic reconstruction
by Dinten [13]. Reconstructing a spheroid is significantly different to that of an ellipsoid: where the latter
yields a locus of possible solutions, the former gives a discrete number - 2. We can expect an even number
of solutions to the reconstruction by considering the plane connecting the focal point of the projection and
the spheroid’s axis of symmetry; there is a plane of symmetry in the projection cone. Thus, the axis of the
spheroid to be determined lies in a symmetry plane of the given cone. Having found the spheroid touching
the given cone, any reflection through the planes of symmetry of the cone will also give possible reconstructed
solutions. The geometric properties of these solutions are also interesting, details of which are not recovered
from the ellipsoid work referenced above.

This paper derives analytically the perspective reconstruction of a spheroid from an image plane by
utilizing its symmetry and geometric properties without the need to introduce homogeneous coordinates
(described and discussed by Wylie [9], Springer [14] and Semple and Kneebone [15]). This process starts
with a review of methods for deriving the projection of a spheroid onto a plane to obtain the required
equations (section (2)). Then in section (3), the spheroid reconstruction problem is re-described in matrix
notation and reduced to a function of eigenvalues and eigenvectors of a known matrix. We briefly discuss
the inverse problem of projection and identify the complexity of the process in terms of the given matrices.
In section (4) a final set of equations are derived for finding the position and orientation of the spheroid in
terms of those eigenvectors and eigenvalues. The relation between these eigenvectors and the polar plane
(defined by Wylie [9]) of the reconstructed spheroid are also examined. Finally we evaluate the discrete
analytic solutions obtained, with concluding remarks on those results. The expressions derived in this paper
are given in the camera frame, with the first base vector pointing along the focal axis with the image plane
at a dimensionless distance 1 from the focal point / origin. As such, all lengths are scaled appropriately.

2 Spheroid Projection Overview

In this section, methods for projecting a spheroid onto a plane are reviewed, enabling the reader to derive
the equations that are stated for themselves. These equations are also the starting point to reconstructing
the spheroid, which requires them to be inverted.

Firstly, we will define the spheroid, its projection and the frames considered. The image plane is defined
with an orthonormal vector as the focal axis of the camera coordinate system and a focal length 1. When
considering the x axis to be the focal axis and x > 0 to be the direction the camera is looking with y
and z axes completing an orthogonal set, a pin-hole camera has its image plane behind the focal point.
By symmetry we can move the image plane in front of the focal point to obtain a more understandable
correlation between the object and its projection. The image plane frame and the camera frame are depicted
in figure (1), along with the proceeding definitions: Working in the camera frame, define the spheroid centre
as the vector q (of magnitude q, the radial distance) and the direction of its axis of symmetry as the vector
p (of unit length). Denote the half-length along the axis of symmetry as A and the half-length along the
degenerate axes to be B. Thus, in matrix notation, the spheroid is described as

( x y z 1 )
(

Θ Λ
ΛT Υ

)



x
y
z
1


 = 0 (1)



2 SPHEROID PROJECTION OVERVIEW 3

where

Θ + A2I3x3 − (A2 −B2)ppT (2)

Λ + −A2q + (A2 −B2)(q · p)p (3)

Υ + A2q2 − (A2 −B2)(q · p)2 −A2B2 (4)

The Y and Z axes on the image plane are aligned with the camera frame y and z axes respectively and

Figure 1: Illustrating the camera frame, image plane frame, spheroid and ellipse projection.

the image plane origin (0, 0) is given by the point (1, 0, 0) in the camera frame. With these definitions an
image plane ellipse can be described as having a centre (Zc,Yc), semi-major axis a, semi-minor axis b and
orientation ω (the angle between the Z axis and the ellipse’s semi-major axis).

The projection of a spheroid can be approached geometrically (see Wylie [9] and Springer [14]) or alge-
braically (see Eberly [10] and Semple and Kneebone [15]). The latter focusses on the elliptic cone C0 with
its apex at the focal point of the projection. The cone is determined from being tangent to the spheroid,
then its intersection on a plane gives the projected ellipse. This is arguably the fastest approach to finding
expressions for the image plane ellipse parameters. However, without choosing a suitable combination of
image plane ellipse parameters, the expressions are relatively complicated. Such a combination flows nat-
urally from an alternative method (see Wokes [16] for the complete derivation) that has greater algebraic
complexity in deriving. This method considers all planes that contain the camera origin and the focal axis:
each planar intersection with the spheroid is an ellipse, whose bounding lines can be found. The intersection
of these lines with the image plane gives the projected ellipse.

If the projection of the spheroid is described in this way, the method yields a set of quadratic relations
between the spheroid and its elliptic projection onto the image plane. A compact form of these relations is
given below: define

D + q1
2 −B2 − (A2 −B2)p1

2 (5)



3 PERSPECTIVE RECONSTRUCTION OF A SPHEROID 4

Then

Zc =
q1q3 − (A2 −B2)p1p3

D
(6)

Yc =
q1q2 − (A2 −B2)p1p2

D
(7)

(a2 − b2) cos 2ω =

[
(A2 −B2)(p3

2 − p2
2)− (q3

2 − q2
2) + D(Zc

2 − Yc
2)

]

D
(8)

(a2 − b2) sin 2ω =
2

[
(A2 −B2)p2p3 − q2q3 + DZcYc

]

D
(9)

(a2 + b2) =
2B2 − (q2

2 + q3
2) + (A2 −B2)(p2

2 + p3
2) + D(Zc

2 + Yc
2)

D
(10)

From equations [6-10] the reconstruction of a spheroid of known dimensions is found, with just 2 solutions.
This is shown in the proceeding sections.

3 Perspective Reconstruction of a Spheroid

The primary focus of this paper is the reconstruction of a spheroid from its projection onto a plane, which is
covered in this section. Equations [6-10] are developed so as to be encapsulated in a single equation equating
two matrices, one in terms of the ellipse variables, the other in terms of the spheroid variables. That equation
will then be solved for the spheroid variables.

Based upon common combinations of the spheroid parameters seen in equations [6-10], define a 3 × 3
matrix Q as the following combination of outer products with the spheroid components:

Qij + qiqj − (A2 −B2)pipj −B2δij (11)

where δij is defined as the Kronecker delta function. We note that Q11 = D. Equations [6-10], written in
terms of Qij , become:

Zc =
Q13

Q11
(12)

Yc =
Q12

Q11
(13)

(a2 − b2) cos 2ω + Yc
2 − Zc

2 =
Q22 −Q33

Q11
(14)

2ZcYc − (a2 − b2) sin 2ω = 2
Q23

Q11
(15)

Zc
2 + Yc

2 − (a2 + b2) =
Q22 + Q33

Q11
(16)

These expressions can be combined in the following way: define a second matrix, M , with the following
image plane ellipse components:

M +




1 Yc Zc

Yc Yc
2 − 1

2 (a2 + b2) + 1
2 (a2 − b2) cos 2ω YcZc − 1

2 (a2 − b2) sin 2ω
Zc YcZc − 1

2 (a2 − b2) sin 2ω Zc
2 − 1

2 (a2 + b2)− 1
2 (a2 − b2) cos 2ω


 (17)

Then, from equations [12-16],

M =
1

Q11
Q (18)

Before moving on, let us consider the geometric interpretation of the matrices Q and M , starting with
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the latter. Define

I2 +




0 0 0
0 1 0
0 0 1


 (19)

ρ + (1, Yc, Zc) (20)

Ω + (0, sinω, cosω) (21)

Then
M = ρρT − (a2 − b2)ΩΩT − b2I2 (22)

In comparison, expressing equation (11) in vector form,

Q = qqT − (A2 −B2)ppT −B2I (23)

The null space of I2, along with the zero component in Ω, are the result of projecting onto a plane with
its normal parallel to the x axis. This construction of outer products in M is directly related to the
products of specific points on the ellipse: the maximum y-component of the image plane ellipse is Yc +√

b2 + (a2 − b2) sin2 ω. The minimum y-component of the image plane ellipse is Yc−
√

b2 + (a2 − b2) sin2 ω.
The product of these components is M22. Likewise, M33 is the product of the extremal z-components. Q is
also of the same structure, this time for the spheroid: the diagonal elements of Q correspond to the products
for extremal points on the spheroid.

We are now in a position to invert the equations that have been derived by considering these two matrices.
The eigenvectors of Q are shared with M . By denoting λMi (i = 1, 2, 3) as the corresponding eigenvalues of
M and λQi as the corresponding eigenvalues of Q,

λMi =
λQi

Q11
(24)

As Q and M are symmetric, their eigenvectors are orthogonal. Denote these eigenvectors by C(1), C(2) and
C(3). It can be validated that p ∧ q is an eigenvector of Q with eigenvalue −B2.

To find the remaining eigenvectors, write C(i) = cq + dp. Then

QC(i) =
(
cr2 + d(p · q)) q − (A2 −B2)

(
c(p · q) + d

)
p−B2C(i) (25)

=λQiC(i) (26)

Comparing the coefficients of q and p, we obtain 2 simultaneous equations, in terms of c, d and λQi. This
can also be written in matrix form:(

q2 − λQi −B2 (p · q)
−(A2 −B2)(p · q) −A2 − λQi

)(
c
d

)
= 0 (27)

Setting the determinant of the above matrix to 0 yields a quadratic equation, in which the remaining
eigenvalues of Q are obtained. We summarize:

Define Z +
√

(q2 + (A2 −B2))2 − 4(A2 −B2)(q · p)2

Then λQ1 =
1
2
(q2 − (A2 + B2) + Z) (28)

λQ2 =
1
2
(q2 − (A2 + B2)−Z) (29)

λQ3 =−B2 (30)

Using these expressions it is now possible to find analytic solutions for the eigenvectors in terms of the
spheroid position and orientation. The eigenvector C(3) is clearly just the normalized vector of n + q ∧ p
and by simple substitution non-normalized expressions for C(1) and C(2) are also found:

C(i) =




[
(λQi + B2)Q23 − (A2 −B2)n2n3

]−1

[
(λQi + B2)Q13 − (A2 −B2)n1n3

]−1

[
(λQi + B2)Q12 − (A2 −B2)n1n2

]−1


 (31)
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By using equations (24) and (30) the eigenvalues of M in terms of the spheroid parameters are found:

λM1 =
1
2
Q11

−1(q2 − (A2 + B2) + Z) (32)

λM2 =
1
2
Q11

−1(q2 − (A2 + B2)−Z) (33)

λM3 =− B2

Q11
(34)

The eigenvectors of M are also given by C(1), C(2) and C(3) respectively. To achieve the spheroid recon-
struction, these eigenvectors and eigenvalues are determined using the image plane ellipse parameters. In
general, none of the eigenvalues of M are 0, leading to a cubic equation. The solutions to a cubic equation
are analytic, however the expressions are complicated. This leads to a general postulate that the inverse
problem, namely that finding the projection of a spheroid onto a plane, yields complicated expressions also.
This fact becomes apparent by writing M as shown in equation (22). Where Q has a relatively simple
decomposition into eigenvalues and eigenvectors, the reason M does not is a consequence of I2, which in
turn is a consequence of projecting onto a plane.

For the purposes of this paper, explicit expressions for the eigenvalues of M are not needed; in the
reconstruction process, once the image plane ellipse is defined the parameters for M are deduced. The
characteristic equation can then be solved numerically and the values of λMi determined - including the
value of Q11, by equation (32). These solutions are then used to solve for the spheroid parameters, using
the relation in equations (24) and (31). This final step is completed in the following section.

4 Spheroid Reconstruction Algorithm

In this section we gather together the theoretical results thus far to build the final analytic solutions and
describe a fast reconstruction method. By making one assumption that the dimensions of the spheroid are
known we now prove that both the position and orientation can be reduced to just two possible solutions.

Starting from equations (11) and (18),

Q = qqT −B2I − (A2 −B2)ppT = Q11M (35)

Consider pre- and post-multiplying equation (35) with the following combinations of C(1), C(2) and C(3):

C(1)
T QC(1) = (q · C(1))

2 −B2 − (A2 −B2)(p · C(1))
2 = Q11λM1 (36)

C(2)
T QC(2) = (q · C(2))

2 −B2 − (A2 −B2)(p · C(2))
2 = Q11λM2 (37)

C(1)
T QC(2) = (q · C(1))(q · C(2))− (A2 −B2)(p · C(1))(p · C(2)) = 0 (38)

Note that, if both (q·C(2)) and (p·C(2)) change sign, then equations [36-38] remain unchanged. Consequently,
for any solution set [q, p] that is found, a second solution exists, which is the reflection of [q, p] through the
C(1)−C(3) plane. If the solution is reflected through the C(2)−C(3) plane, or the negative solutions [−q,−p]
are considered, then the spheroid will have a negative q1 component - it is the solution reflected through the
focal point.

The magnitude of the position vector, q, can be determined by taking the sum of equations (36) and (37)
(as neither q nor p have components in the C(3) direction):

q2 − 2B2 − (A2 −B2) = Q11 (λM1 + λM2) (39)

This gives q in terms of Q11 (a value known from equation (34)):

q2 = A2 + B2 + Q11 (λM1 + λM2) (40)

Next, we introduce two new angle definitions to describe the difference in direction of both q and p with
respect to C(1) and C(2):

q · C(1) + q cos ν q · C(2) + q sin ν (41a)

p · C(1) + cos σ p · C(2) + sinσ (41b)
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These angle definitions can be seen in figure (2), as well as aspects of the symmetry already established.
Further symmetry, as suggested in figure (2), is seen by the end of the derivation. By taking the difference

Figure 2: Emphasizing the solution symmetry in the centrix frame.

of equations (36) and (37) one obtains:

q2 cos 2ν − (A2 −B2) cos 2σ = Q11(λM1 − λM2) (42)

Equation (38) simplifies to:
q2 sin 2ν = (A2 −B2) sin 2σ (43)

By re-arranging equation (42) so that the cos 2ν term is alone on one side, the sum of the squares of equations
(42) and (43) will yield (using the trigonometric identity cos2() + sin2() = 1.):

q4 = (A2 −B2)2 + Q11
2(λM1 − λM2)2 + 2(A2 −B2)Q11(λM1 − λM2) cos 2σ (44)

Solving for σ, and using equation (40), one obtains

cos 2σ =
2(AB)2 + 2Q11

2λM1λM2 + Q11(A2 + B2)(λM1 + λM2)
(A2 −B2)Q11(λM1 − λM2)

(45)

An equivalent re-arrangement of equation (42) can be made to cancel the cos 2σ term (by isolating it on one
side of the equation). This gives the sum of the squares of equations (42) and (43) to be:

(A2 −B2)2 = q4 + Q11
2(λM1 − λM2)2 − 2q2Q11(λM1 − λM2) cos 2ν (46)

Solving for ν, and using equation (40), one obtains

cos 2ν =
2(AB)2 + Q11

2(λM1
2 + λM2

2) + Q11(A2 + B2)(λM1 + λM2)
(A2 + B2 + Q11(λM1 + λM2))Q11(λM1 − λM2)

(47)

Using trigonometric relations the desirable terms are extracted: denoting ϑi as a ± ambiguity in the solutions,

cos σ = ϑ1

(
(A2 + Q11λM2)(B2 + Q11λM1)

(A2 −B2)Q11(λM1 − λM2)

) 1
2

(48)

sin σ = ϑ2

(−(A2 + Q11λM1)(B2 + Q11λM2)
(A2 −B2)Q11(λM1 − λM2)

) 1
2

(49)

cos ν = ϑ3

(
(A2 + Q11λM1)(B2 + Q11λM1)

((A2 + B2) + Q11(λM1 + λM2))Q11(λM1 − λM2)

) 1
2

(50)

sin ν = ϑ4

( −(A2 + Q11λM2)(B2 + Q11λM2)
((A2 + B2) + Q11(λM1 + λM2))Q11(λM1 − λM2)

) 1
2

(51)
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In equations (32-34) the eigenvalues are listed for the corresponding eigenvectors and the following rela-
tions are derived from these:

Q11λM2 = −B2 +
1
2

(
q2 − (A2 −B2)−Z)

where Z ε
[
q2 − (A2 −B2), q2 + (A2 −B2)

]

∴
{

If A > B, Q11λM2 ≤ −B2 ⇒ B2 + Q11λM2 ≤ 0
If B > A, Q11λM2 ≥ −B2 ⇒ B2 + Q11λM2 ≥ 0 (52)

Note, as well, that if B > A then

Q11λM2 ≤ −B2 +
1
2

(
q2 + (B2 −A2)− q2 + (B2 −A2)

)

∴ A2 + Q11λM2 ≤ 0 (53)

These observations lead to the sign(B −A) term appearing from equation (56) onwards, including the final
expression for q

(i)
and p

(i)
in equation (62). At this stage the expressions for q

(i)
and p

(i)
are currently:

q
(i)

= ϑ1q cos νC(1) + ϑ2q sin νC(2) (54)

p
(i)

= ϑ3 cos σC(1) + ϑ4 sin σC(2) (55)

The final issue to address is the ϑk ambiguity. As q
(i)

form symmetric solutions about C(1) then if the
first component of C(1) is positive this also forces ϑ1 to be positive for both solutions and ϑ2 to govern the
difference in q

(i)
for i = 1, 2. Calculating the dot product of q and p from equation (54) gives

q · p = $(A2 + Q11λM2)
1
2 (A2 + Q11λM1)

1
2 (A2 −B2)

1
2 , (56)

where $ +
[
ϑ3(B2 + Q11λM1) + ϑ2ϑ4sign(B −A)(B2 + Q11λM2)

]

Q11(λM1 − λM2)
(57)

An expression for the dot product of q and p can also be obtained from equation (30):

4(A2 −B2)(q · p)2 =
(
q2 + (A2 −B2)

)2 − (Q11)2(λM1 − λM2)2 (58)

Equations (56) and (58) must be equivalent. By considering the two different possibilities one can deduce

ϑ3 = ϑ2ϑ4

∴ p = ϑ2ϑ4

(
cos σC(1) + ϑ2 sin σC(2)

)
(59)

The value of ϑ2ϑ4 can be viewed as just ± and controls whether the symmetric solution of −p is considered
or ignored. Thus the final expressions for the position and orientation of the reconstructed spheroid are
given in terms of the eigenvalues and eigenvectors of M : define

γ1 + A2 −B2 λM1

λM3
δ1 + 1− λM1

λM3
(60a)

γ2 + A2 −B2 λM2

λM3
δ2 + 1− λM2

λM3
(60b)

ε + λM2

λM3
− λM1

λM3
(60c)

Then

q =
(

γ1δ1

ε

) 1
2

C(1) + ϑ2

(−γ2δ2

ε

) 1
2

C(2) (61)

p = ±
{(

γ2δ1

(A2 −B2)ε

) 1
2

C(1) + ϑ2sign(A−B)
( −γ1δ2

(A2 −B2)ε

) 1
2

C(2)

}
(62)
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These expressions illustrate the symmetry of the two solutions about the vector C(1), as was shown in
figure (2). We can make further deductions on the symmetry: there is just one solution in the reconstruction
of the spheroid if and only if p is parallel or perpendicular to q and in both cases q has no component in
the C(2) direction. If p is parallel to q then nor does p have any component in the C(2) direction, whereas if
the two vectors are perpendicular, then p has no component in the C(1) direction. We can also make these
deductions from equation (30); when p is parallel to q, two of the eigenvalues of Q are −B2. Applying this
to equations (61) and (62) yields the same conclusions.

Now that the symmetry of the reconstructed solutions is clear, we return to the concept of polar planes.
If one approaches the task of calculating ellipse projections using homogeneous coordinates, the polar line
plays an important role in the derivation. Likewise, the spheroid projection can be found using homogeneous
coordinates by first calculating the polar plane - defined by all points on the spheroid that intersect the
bounding cone - and the intersection of the polar plane with the spheroid. The resulting ellipse can then
be projected down onto the image plane to give the image plane ellipse. However, when we reconstruct
solutions from an image plane ellipse, we obtain 2 spheroid solutions and therefore 2 corresponding polar
planes. With a geometric understanding of the spheroid solutions, these planes can be interpreted.

Theorem 4.1. The polar planes of the two spheroid solutions {q
(i)

, p
(i)
}, i = 1, 2, intersect along a line

that is parallel to C(3). Thus, the polar planes are symmetric through the plane containing the C(1) and C(3)

axes.

Proof. By taking the sum of equations (36) and (37), an expression for the radial distance q is obtained:

q =
√

(A2 + B2) + Q11(λM1 + λM2) (63)

As Q11 is determined from equation (32), its value is fixed for both spheroid solutions. Hence, equation (63)
shows that any solution to the reconstruction problem has a fixed radial distance, from the camera frame
origin to the spheroid centre. We also know that C(3) = ˆq ∧ p has a defined direction and so either solution,
denoted {q

(i)
, p

(i)
}, has both q

(i)
and p

(i)
lying on a plane, which we denote Π (spanned by C(1) and C(2)

and containing the origin). Therefore the intersection of Π with either spheroid solution gives an ellipse
with semi-major axis A and semi-minor axis B, if the spheroid is prolate (or the converse if the spheroid
is oblate). These ellipses are a reflection of one-another through C(1). The polar lines of these ellipses are
therefore also reflections, intersecting on the C(1) axis. As these polar lines lie on their corresponding polar
planes, the planes have an intersect point on the C(1) axis. Next, by considering the plane containing the
C(1) axis and C(3) axis, because the spheroid solutions are reflections of the other through this plane, their
intersection with this plane must give identical ellipses. Thus the polar lines of these ellipses are identical
and this gives the intersection of the two polar planes. Because the intersection is just a point on Π, this
shows that the planes are not identical but have their intersection running parallel to the C(3) axis.

The relevance we draw from theorem 4.1 is that, by choosing the focal point for a projection, a spheroid
- or ellipsoid - has a single polar plane and, in turn, a well-defined projection. But, the projection of the
polar plane is not an injective map, even for an ellipse / spheroid / ellipsoid with fixed dimensions.

Corollary 4.1. If the polar plane of any spheroid has a normal vector t, then t · n = 0, where n is the
cross product of the spheroid’s axis of symmetry with the relative position vector from the focal point of the
projection.

Proof. As a consequence of theorem 4.1, we deduce that t lies on the C(1)-C(2) plane. Since C(3) is the unit
vector in the direction of q ∧ p, t · C(3) = 0. This condition holds for a general focal point of the projection,
when q is the vector from that focal point to the spheroid’s centre.

5 Spheroid Reconstruction Results

In this section, the derived theory is validated numerically and we discuss the errors caused in the recon-
structed spheroid position due to perturbations on the ellipse’s dimensions.

If the analytical description of the spheroid projection and reconstruction are input into a program to
test validity, the results obtained are indeed dependent on machine accuracy only. Thus, instead, a trial
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simulation is considered: choosing a spheroid with its axis of symmetry of half-length A = 8 and degenerate
axes of half-length B = 3, by using POVRay internet software (see Persistence Of Vision Raytracer [17])
we create an image as given in figure (3a) for the spheroid with position q = (30, 3, 10) and orientation
p = (0.7348,−0.5950, 0.3256). This orientation corresponds to a rotation of the spheroid by −39◦ about the
camera z-axis followed by a second rotation of −19◦ about the spheroid’s y-axis. The image generated is
800x600 pixels and represents 4

3x1 units on the image plane. The image is then processed by using edge
detection software (Canny [18]) without sub-pixel accuracy, then a minimum bounding ellipse found using
the Khachiyan algorithm (see Todd and Yildirim [19]) with a tolerance (error of the area in the solution
with respect to the optimal value) of 0.001. The image plane ellipse is described by

aim = 120.93 pixels bim = 65.17 pixels
Zc,im = 600.71 pixels Yc,im = 378.50 pixels

ω =− 83.78◦

This is shown in figure (3b). The reconstruction algorithm described in section (4) is then used to reconstruct
the possible spheroid positions after taking account of the camera parameters:

a = aim/600 Zc = (Zc,im − 400)/600
b = bim/600 Yc = (Yc,im − 300)/600

The results of this reconstruction are shown in the table below:
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(a) Original image.
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(b) Image with its bounding ellipse overlaid.

Figure 3: Example simulation: a spheroid of dimensions A = 8 and B = 3, position q = (30, 3, 10) and
orientation p = (0.7348,−0.5950, 0.3256) is projected onto an image plane. Edges on the captured image
are detected using a Canny edge detection algorithm and then a bounding ellipse found using a Khachiyan
algorithm.

Spheroid solution number Solution 1 Solution 2
Position q 29.7450 29.8792

4.6488 2.9359
9.7504 10.0031

Positional error 1.6870 0.1368
Orientation p 0.6287 0.7353

0.7675 -0.5939
0.1255 0.3264

Angular error (degrees) 87.3543 0.0832
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Figure 4: Example simulation: Two spheroids are reconstructed from the bounding ellipse, illustrating the
symmetry of the solutions. The radial distances of the two solutions are equal.

As there are 2 solutions to the reconstruction of a spheroid with known dimensions, there can exist an
ambiguity in which solution to take. Although pixellation creates a larger error in q than it does in p for the
correct reconstruction, the error incurred when taking the incorrect reconstruction can be much greater in
the orientation; in this case, nearly 90◦.

When modelling objects that are not spheroids further errors are introduced in choosing the spheroid to
describe it: the size of the spheroid and the orientation and position must all be considered. Though it is not
discussed further here the choice of spheroid is highly dependent on the choice of ellipse bounding algorithm
and errors due to these algorithms can be minimized through traditional methods.

Consider another spheroid, centred at (40, 0, 0), with a half-length of 10 units along its axis of sym-
metry and a half-length of 4 units along its degenerate axes, and an orientation vector given by p =
(0.7348, 0.2530, 0.6293). The projection yields an ellipse (assuming the image plane centre lies at (1, 0, 0) in
the camera frame, with normal vector along the x-axis) with a semi-major and semi-minor axis of a = 0.19
and b = 0.10 respectively, a centre (−0.03, 0.01) and an orientation of 21.9◦. A measure of incurred errors
due to inaccurate ellipse dimensions is given in figure (5). In this figure, the semi-major axis, a′, is varied
from 0.5a to 1.5a, giving a relative resolution (a′−a)/a between −0.5 and 0.5. The semi-minor axis is varied
by a similar amount. The relative error in the magnitude of the reconstructed position vector is defined
as (q′ − q)/q, where q′ is the reconstruction using a′ and b′. These relative errors can be regarded in the
following sense: if the semi-major and semi-minor axes of the ellipse is halved, then the radial distance of
the reconstructed position is doubled. Considering relative resolutions centred at 0, the relative error in q is
nearly linear with changes in the semi-minor axis: perturbations in the semi-major axis, a, have little effect
on the relative error in q and a greater effect upon the reconstructed orientation.

By placing the spheroid’s position q on the focal axis as we have, it is intuitive to see that the resulting
ellipse will have constraints upon the semi-major axis, relative to the semi-minor axis: there are bounds
to the eccentricity which the image plane ellipse can be, one of which determined by the eccentricity of
the spheroid. The other bound, seen as the bottom right edge in figure (5b), shows the constraint that a
is greater than b. If Zc and Yc are both 0, this also corresponds to p being parallel to q. This limit can
be found algebraically by setting the characteristic equation of M and its derivative to 0: for a general,
off-centre ellipse, a and b would be different, but if the ellipse is centred at the origin of the image plane,
then a = b indeed causes the characteristic equation to have a repeated root.

The consequence of having an ellipse that is too eccentric is clear by considering equation (62): (A2 −
B2λM1λM3

−1) is not a problem as λM3 < 0 and λM1 > 0, however λM2 < 0 and (A2−B2λM2λM3
−1) is the

value that becomes negative if the spheroid cannot be reconstructed from this image plane ellipse. When
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(a) 3-D perspective. (b) Top-down perspective: looking down the z-axis.

Figure 5: Illustrating the relative error in the magnitude of the position vector, when the semi-major and
semi-minor axes of the image plane ellipse varied. The relative error, for these variations in a and b, ranges
between −0.3 and 1. Complex reconstructions of q are not plotted.

(a) Variation in (A2 − B2λ2/λ3) as a and b are altered (with
projected contours).

(b) Variation in q as a and b are altered.

Figure 6: Illustrating the effect upon the reconstructed position when the ellipse parameters are modified. In
both plots, the semi-major axis of the ellipse is varied between [b/2, 3a] and the semi-minor axis of the ellipse
is varied between [b/2, 2a], where a and b are the original ellipse dimensions. For the plot of q (right), a
complex reconstruction is plotted at q = 0, as are scenarios when b > a.

this occurs, both q and p become complex. The scenario of (A2−B2λM2λM3
−1) = 0 corresponds to p being

orthogonal to q and describes the top left edge in figure (5b). This is shown as we consider similar variations
in the image plane ellipse parameters, as follows.

Consider the projection of the same spheroid as described before, that was centred at (40, 0, 0), with a
half-length of 10 units along its axis of symmetry and a half-length of 4 units along its degenerate axes, and
an orientation vector given by p = (0.7348, 0.2530, 0.6293). The non-linear effects upon λM2 and λM3 from
varying a and b are captured in figure (6a). This in turn varies the reconstructed (orientation and) position,
who’s magnitude q is shown in figure (6b). Figure (6b) indicates a single region in which real solutions lie:
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one side is bounded by the constraint that a > b. The other side is bounded numerically from when the
reconstructions become complex. These bounds are also seen in figure (6a): the bound corresponding to the
complex boundary occurs when the surface in figure (6a) crosses zero. This surface, (A2 − B2λM2λM3

−1),
validates the constraint discussed in the previous paragraph.

When a spheroid of known dimensions cannot be reconstructed from an observed image plane ellipse,
the ellipse parameters require modification. Without an understanding of how the eigenvalues of M are
dependent upon each ellipse parameter, this becomes challenging; solving the characteristic equation of M
and (A2 −B2λM2λM3

−1) > 0 for ellipse parameters is not straight-forward. Clarity in such dependencies is
gained when considering the projection of a spheroid onto a sphere, rather than a plane. This is discussed
by Wokes [16].

6 Conclusion

The equations governing the reconstruction of a spheroid of known size from its perspectively projected
ellipse have been derived. An analytic algorithm was then found in section which can be implemented into
software. These algorithms were then validated and discussed.

Spheroid reconstruction can be computed numerically but as is often the case the geometry of the
problem becomes elusive, without looking in detail at the structure of the inversion process. This is key to
understanding how the reconstruction works and, more importantly, when it does not. This paper shows
that, with such an analysis, an elegant and intuitive description of the spheroid reconstruction is obtained
and a more robust algorithm made available.
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