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Abstract

In this paper we consider the two-body problem of a spherical pseudo rigid body
and a sphere. Due to the rotational and “re-labelling” symmetries, the system is shown
to possess conservation of angular momentum and circulation. We follow a reduction
procedure similar to that undertaken in the study of the two-body problem of a rigid
body and a sphere so that the computed reduced non-canonical Hamiltonian takes a
similar form. We then consider relative equilibria and show that the notions of locally
central and planar equilibria coincide. Finally, we show that Riemann’s theorem on
pseudo-rigid bodies has an extension to this system in planar relative equilibria.
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1 Introduction

The study of the Newtonian many-body problem has a long history and still to this day

attracts the interest of many mathematicians, physicists and engineers. Often in the study,

however, the interacting bodies are assumed to be spherical or point masses. More recently,

with the progress of observational techniques and the increased interest in binary asteroids

[19, 10, 15, 1], models with non-spherical bodies have been developed and studied. The

main effect is the coupling between the orbital and rotational motion. Moreover, as the

configuration space SO(3) = {group of orientation preserving isometries in R3} of a rigid

body is a non-linear space the introduction of local coordinates leads to singularities and

very complicated equations of motion. There is therefore a significant gain by exploiting

the symmetries under-pinning the system to reduce and simplify the equations of motion.

The reference [19] was probably the first attempt in a systematic way to make use of the

rotational symmetry of the Newtonian system of a sphere and a non-spherical rigid body to

reduce the equations in a coordinate-free way. Since then this reduction procedure has been

used and extended by many authors, see for example [10, 15, 1, 18].

In [11, 16] the modelling of the two-body problem was taken one step further by letting

one of the bodies be self-gravitating and deformable via the action of general orientation-

preserving, invertible matrix. Such matrices make up the Lie-group GL+(3) = {Q ∈

R3×3|detQ > 0}. The corresponding body is called a pseudo-rigid body or an affine rigid

body. A similar but more restricted system for modelling tidal forces was considered by

Roche in 1847 [14] and extended by Darwin in 1906 [3]. Both Roche and Darwin accounted

for the presence of energy dissipation due to the non-conservative tides which eventually led

to synchronized rotation and relative circular orbit motion. See also the review paper [6]

for a recent exposition. It was here Roche defined and calculated the “Roche limit”. This

limit is defined as the distance within which a celestial body, held together only by its own

gravity, will disintegrate due to a second celestial body’s tidal forces.

Without the gravitational interaction from another body, such pseudo-rigid bodies have
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received attention in many references [4, 5, 8, 12, 2, 9, 13, 17]. The interest was initiated by

Newton in Principia, where he showed that a spinning axi-symmetric self-gravitating body

of fluid that is rotating slowly about the symmetry axis will be oblate. Jacobi in 1834 [8]

extended the work of Newton, but also work of Maclaurin, to show that a self-gravitating

fluid also can take on ellipsoidal shapes. The solutions of Jacobi, Maclaurin and Newton

were, however, still all rigid. In a frame rotating with the body the fluid is stationary.

Dirichlet and Dedekin, [5] and [4], respectively, opened a new direction when they found a

symmetry that applied to Jacobi’s solution generated a new solution in which the body is

stationary in shape but the fluid particles follow elliptical paths in planes orthogonal to a

principle axis of the ellipsoid. Dirichlet’s paper inspired Riemann to turn his attention to the

problem. In [12] he gave a classification of the solutions of Dirichlet’s equations for which

the ellipsoidal shape of the body remains constant. At the heart of this classification lies

what is now known as Riemann’s theorem: the angular velocity and circulation (i) lie in the

same principle plane and (ii) if the angular velocity is parallel to a principle axis then the

circulation vector must also lie along that same principle axis.

Since then the work of Riemann et al has been united and extended by e.g. Chandrasekhar

[2] and Roberts and Sousa Dias [13]. Pseudo rigid bodies have also been applied to elasticity,

spinning gas clouds, atomic nuclei etc. (see [13] for references therein).

In this article we aim to put the work of [11, 16] into the language of geometric theory of

Hamiltonian systems while streamlining our approach and notation with the now standard

reduction procedure for the two-body problem of a rigid body and a sphere, see e.g. [19,

10, 18]. We will assume that the reference configuration is spherical. By the singular value

decomposition any matrix Q ∈ GL+(3) can be decomposed as a product:

Q = RÃST , (1)

where R, S ∈ SO(3), and Ã ∈ diag+(3). It therefore follows that the configuration of

the pseudo-rigid body at any time is ellipsoidal with principal axis half-lengths equal to

the diagonal entries of Ã. We will also make use of a “re-labelling” symmetry, which in
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the classical work gives rise to the conservation of circulation. The references [11, 16] do

not make use of this symmetry even though their systems could possess such. We shall

restrict attention to the configuration space GL+(3), but, compared to [11, 16], our results

all go through essentially unchanged if the pseudo-rigid body is assumed incompressible, i.e.

replacing GL+(3) with SL+(3).

The main results of the paper are: (i) the development of a non-canonical Hamiltonian

system for the reduced problem with non-truncated potential and the identification of the

two conserved quantities: angular momentum and circulation; (ii) the proof that the notions

of locally central equilibria and planar equilibria coincide. The problem of a rigid body and a

sphere is a natural subsystem of our equations, and this result therefore also extends to this

case, where it to the authors knowledge not even have been proven; and finally (iii) the proof

that Riemann’s theorem also holds for this extended system for planar relative equilibria.

The article is structured as follows. In section 2 we introduce the model and the relevant

potential energies and then derive the unreduced equations of motion. In the following

section, we show that the system possesses two symmetries and, upon making explicit use

of the decomposition (1), we reduce the equations to the appropriate quotient space. In

section 4 we finally investigate the relative equilibria of the system.

2 The model

We consider a sphere and a deformable body with masses m1 and m2 respectively interacting

through Newtonian gravitation. See Fig. 1. We assume that the configuration space of this

system is R3 × R3 × GL+(3). The former two spaces describes the centres of masses of the

sphere and the pseudo-rigid body while the latter describes the deformation of the pseudo-

rigid body B with respect to its centre of mass. Applying a GL+(3) matrix to the pseudo-rigid

body preserves the centre of mass. The self-gravitating potential and potential interaction

between the two bodies only depend on the relative position and the configuration of the

body described by GL+(3). The system therefore possesses translational symmetry, the
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centre of mass moves with constant velocity, and we can reduce the system by introducing

a centre of mass of the system and relative coordinates. Let x be the relative position of

the two centre of masses and let Q ∈ GL+(3). Then upon proper scaling, see e.g. [10], the

kinetic energy of the system is:

K(ẋ, Q̇) =
1

2
|ẋ|2 + 〈〈Q̇, Q̇J〉〉,

where |z| =
√

〈z, z〉 is the Euclidean distance,

〈〈V,W〉〉 =
1

2
tr(VWT ) (2)

is the Riemanian inner product1 on the tangent spaces of GL+(3), and J ∈ diag+(3) is the

moment coefficient of inertia of the reference configuration, see e.g. [7]. It is without loss of

generality to assume that spherical reference configuration B0 satisfy J = I. Here I denotes

the identity. Indeed, we can just replace Q by QJ−1/2 to achieve this.

The potential of the system naturally splits into three parts U = Ugrav +Uself +Uelas. The

first part Ugrav is due to the gravitational interaction between the sphere and the pseudo-

rigid body. This potential is simply the Newtonian inter-particle gravitational interaction

integrated up over the pseudo-rigid body B:

Ugrav = −

∫

B

µ

|x + Qz|
dz,

where µ is the universal gravitational constant. There are simplifications available for ellip-

soids, see [1], but we do not need them.

The second part of the potential Uself is due to self-gravitating forces on the pseudo-rigid

body. The expression for that for a homogeneous ellipsoid with unit-density is given by

Dirichlet’s formula:

Uself =
1

2

∫

B

µ

(∫ ∞

0

Φ(u, z)du

)
dz,

Φ(u, z) =
1√

(d2
1 + u) (d2

2 + u) (d2
3 + u)

(
3∑

i=1

z2
i

d2
i + u

− 1

)
,

1The reason for including the factor of 1

2
will become apparent later.
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Figure 1: The two-body problem of a sphere and a pseudo-rigid body. Here x denotes
the relative position. The matrix Q ∈ GL+(3) describes the configuration of the pseudo-
rigid body so that any point, say, w of the pseudo-rigid body in its reference coordinate is
mapped to a new point Qw in the deformed pseudo-rigid body. We assume that the reference
configuration is spherical and it therefore follows that the configuration of the pseudo-rigid
body is ellipsoidal at all times.

where di are the half-lengths of the principle axis, see [11]. The final term in the potential Uelas

are due to possible elastic forces on the body and its surface. Such potentials are considered

and described in [9]. Compared to [11] we do not require the body to be homogeneous.

Instead we restrict attention to the larger class of spherically symmetric pseudo-rigid bodies:

Definition 1 We call a pseudo-rigid body spherically symmetric if in its reference spherical

configuration the potential U is rotational invariant. 2
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A pseudo-rigid body is only spherically symmetric if material parameters, such as density

and elasticity, in its reference spherical configuration only depends upon the distance from

the centre of body. We collect the hypotheses:

H1 The configuration space of the deformable body is GL+(3).

H2 The reference configuration is spherically symmetric and the rigid sphere is external to

the pseudo-rigid body.

From the kinetic energy we define the following Legendre transformations:2

〈F lx(ẋ),v〉 + 〈〈F lQ(Q̇),V〉〉 = dK(ẋ, Q̇)(v,V) = 〈ẋ,v〉 + 2〈〈Q̇,V〉〉,

for every v ∈ R3, V ∈ TQGL+(3), so that y = ẋ and P = 2Q̇ are the momenta canonically

associated with x and Q, respectively. The Hamiltonian is the function on the phase space

P ≡ T ∗ (R3 × GL+(3)) defined by:

H(x,y,Q,P) = 〈y, ẋ〉 + 〈〈P, Q̇〉〉 − K(ẋ, Q̇) + U(x,Q)

=
1

2
〈x,y〉 +

1

4
〈〈P,P〉〉 + U(x,Q), (3)

equipped with canonical symplectic structure associated with the Poisson bracket:

{f, g}(x,y,Q,P) = 〈∂xf, ∂yf〉 − 〈∂xg, ∂yf〉 + 〈〈
δf

δQ
,
δg

δP
〉〉 − 〈〈

δg

δQ
,
δf

δP
〉〉,

for f, g ∈ C∞(P). This system is not very convenient to work with. First of all Hamilton’s

equations will include matrix equations. Furthermore, it is not straightforward to account for

incompressibility within these equations. This would have to be done through Lagrange mul-

tipliers. We can, however, circumvent these issues by choosing appropriate coordinates that

allow for reduction of the system. In these coordinates constraints such as imcompressibility

are also easily accounted for.

2We identify the dual T ∗

QGL+(3) with TQGL+(3) via the inner product (2).
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3 Symmetry and reduction

In this section we shall make use of symmetries to reduce the system. We shall throughout

make use of the hat-map which is defined by

Ω̂ =




0 −Ω3 Ω2

Ω3 0 −Ω1

−Ω2 Ω1 0


 ∈ so(3),

for every Ω = (Ω1, Ω2, Ω3) ∈ R3. This map defines an isomorphism between the Lie-algebra

so(3) = {space of skew-symmetric matrices equipped with the commutator algebra [·, ·]}

and (R3, · ∧ ·) but also between (so(3), 〈〈·, ·〉〉) and (R3, 〈·, ·〉) as inner-product spaces. The

latter property is the reason for the factor of 1
2

introduced in the definition of the trace inner

product. Finally, it also has the following properties [13, 10]:

ẑ = −ẑ
T , ẑŵ = wzT − zTw, ẑ ∧ w = ẑŵ − ŵẑ,

g(z ∧ w) = gx̂w = ĝzgw = (gz) ∧ (gw),

and

ẑw = z ∧w, (4)

ĝz = gẑgT , (5)

for any vectors z ∈ R3 and w ∈ R3 and g ∈ SO(3). We now define two actions of SO(3) on

P by:

lg : P ∋ (x,y,Q,P) 7→ (gx, gy, gQ, gP) ∈ P,

rg : P ∋ (x,y,Q,P) 7→ (x,y,Qg,Pg) ∈ P,

for g ∈ SO(3). We then have the following consequence of the hypotheses:

Proposition 1 The Hamiltonian system (3) is subject to the hypotheses is invariant under

lg and rg, i.e. H(rh ◦ lg(z)) = H(z), ∀ z ∈ P and ∀ (g,h) ∈ SO(3)2. 2
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The first part regarding lg is precisely what is exploited in the work in the two-body problem

of a rigid body and a sphere. See for example [19, 10, 15, 1, 18]. By Noether’s theorem [7]

the symmetries lg and rg generate conserved quantities Ĵl and Ĵr, respectively. Since the

symmetries are due to the left and right actions of SO(3) the conserved quantities are maps

from P to the dual so(3)∗ defined by:

〈〈Ĵl(x,y,Q,P), Σ̂〉〉 = 〈y,Σ ∧ x〉 + 〈〈P, Σ̂Q〉〉,

〈〈Ĵr(Q,P), Σ̂〉〉 = 〈〈P,QΣ̂〉〉,

for every Σ̂ ∈ so(3), see for example [7] Chapter 8. Therefore we have:

〈〈Ĵl(Q,P), Σ̂〉〉 = 〈x ∧ y,Σ〉 + 〈〈PQT , Σ̂〉〉 = 〈〈x̂ ∧ y + PQT , Σ̂〉〉,

〈〈Ĵr(Q,P), Σ̂〉〉 = 〈〈QTP, Σ̂〉〉,

so that upon identifying so(3)∗ with so(3) through the inner product and taking the skew-

symmetric part to ensure that Ĵl, Ĵr ∈ so(3):

Ĵl(x,y,Q,P) = x̂ ∧ y +
1

2

(
PQT − QPT

)
, (6a)

Ĵr(Q,P) =
1

2

(
QTP −PTQ

)
. (6b)

Here Ĵl and Ĵr are the total angular momentum and the circulation, respectively. See also

[13, 7]. The momentum maps are left and right equivariant to the action of SO(3) in the

following sense:

Ĵl(gx, gy, gQ, gP) = gĴl(Q,P)gT = ĝJl, (7a)

Ĵr(Qh,Ph) = hT Ĵr(Q,P)h = ĥTJr, (7b)

for every (g,h) ∈ SO(3)2. We have here used (5) in the last equality. Furthermore, the

momentum maps are right and left invariant in the following sense:

Ĵl(x,y,Qh,Ph) = Ĵl(x,y,Q,P),
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Ĵr(gQ, gP) = Ĵr(Q,P).

We shall make use of these facts in the following lemma which will be useful later on when

proving the extension of Riemann’s theorem. Here we will also make explicit use of the

singular value decomposition (1) and define the skew-symmetric matrices:

Ω̂ = RT Ṙ, Λ̂ = ST Ṡ ∈ so(3).

At a relative equilibrium the trajectory follows an orbit of a one-parameter subgroup of the

symmetry group SO(3)2:

x(t) = exp(Ω̂t)x0, Q(t) = R(t)Ã0S(t)T ,

where Ã0 is a constant diagonal matrix and

R(t) = exp(Ω̂t), S(t) = exp(Λ̂t). (9)

Here Ω and Λ are the angular velocities associated with the rigid body and orbital rotation

and the internal rotation of particles of the body, respectively. We then have the following

property:

Lemma 1 At relative equilibria:

Jl ∧ Ω = 0, Jr ∧ Λ = 0. 2

Proof The conservation of Jl and Jr imply that:

Jl(x(t),y(t),Q(t),P(t)) = Jl(x(0),y(0),Q(0),P(0)),

Jr(Q(t),P(t)) = Jr(Q(0),P(0)).
(10)

By setting g = exp(Ω̂t) and h = exp(−Λ̂t) in (7a) and (7b) we have:

Jl(x(0),y(0),Q(0),P(0)) = exp(Ω̂t)Jl(x(0),y(0),Q(0),P(0)),

Jr(Q(0),P(0)) = exp(Λ̂t)Jr(Q(0),P(0)).
(11)
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Differentiating with respect to t at t = 0 gives:

Ω̂Jl = 0, Λ̂Jr = 0,

or simply by (4):

Ω ∧ Jl = 0, Λ ∧ Jr = 0.

An almost identical calculation is made in [13]. �

3.1 Decomposition

In our reduction procedure we will make use of the singular value decomposition Q = RÃST

(1). This decomposition is not unique. However if Q(t) is an analytic path in GL+(3) then

there exists analytic paths R(t), Ã(t) and S(t) such that Q(t) = R(t)Ã(t)S(t)T [7]. This

will, in particular, hold at relative equilibria. For a more detailed discussion see [13, 7]. The

reference [7] also gives the following easy interpretation:

• ST rotates the coordinates in the reference frame.

• Ã stretches the body along the instantaneous principle axis of ST (B0).

• R rotates the deformed body.

See also Fig. 2. Upon replacing GL+(3) as configuration manifold by the product SO(3) ×

diag+(3) × SO(3), we obtain a new expression for the kinetic energy:

K(ẋ, (RÃS)·) =
1

2
〈ẋ, ẋ〉 + 〈〈Ṙ, ṘÃ

2
〉〉 + 〈〈 ˙̃

A, ˙̃
A〉〉

+ 2〈〈RÃṠ
T
, ṘÃST 〉〉 + 〈〈Ṡ, ṠÃ

2
〉〉,

and, through straightforward calculations, momenta:

RM̂ = ṘÃ
2
− RÃ

2
(
RT Ṙ

)T

+ 2RÃṠ
T
SÃ, (12a)

B̃ = ˙̃
A,
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SN̂ = ṠÃ
2
− SÃ

2
(
ST Ṡ

)T

+ 2SÃṘ
T
RÃ. (12b)

Here we have again taking skew-symmetric parts to ensure that M̂ and N̂ belong to so(3).

The Hamiltonian then takes the following form:

H(z) = 〈y, ẋ〉 + 〈〈RM̂, Ṙ〉〉 + 〈〈B̃, ˙̃
A〉〉 + 〈〈SN̂, Ṡ〉〉 − K(ẋ, (RÃS)·) + U(x,RÃST ) (13)

equipped with the canonical symplectic structure associated with the Poisson bracket:

{f, g}(z) = 〈∂xf, ∂yf〉 − 〈∂xg, ∂yf〉 + 〈〈
δf

δR
,

δg

δRM̂
〉〉 − 〈〈

δg

δR
,

δf

δRM̂
〉〉

+ 〈〈
δf

δÃ
,

δg

δB̃
〉〉 − 〈〈

δg

δÃ
,
δf

δB̃
〉〉 + 〈〈

δf

δS
,

δg

δSN̂
〉〉 − 〈〈

δg

δS
,

δf

δSN̂
〉〉, f, g ∈ C∞(P),

where z = (x,y,R,RM̂, Ã, B̃,S,SN̂). The action rh ◦ lg is through the decomposition

mapped to the action

Φgh(z) = (gx, gy, gR, gRM̂, Ã, B̃,hS,hSN̂), (g,h) ∈ SO(3)2, (14)

which leaves the Hamiltonian (13) invariant. The Hamiltonian therefore descends to a Hamil-

tonian function h on the quotient space P/SO(3)2. We may define a model for P/SO(3)2

by taking (g,h) =
(
RT ,ST

)
in (14) so that

z̃ = (RTx,RTy, I, M̂, Ã, B̃, I, N̂) ∈ P.

Ã
R

S
T

1) 2) 3)

Figure 2: The action of Q can through singular value decomposition be decomposed into
the following steps: 1) a rotation ST of the reference sphere; 2) a deformation Ã along the
instantaneous principle axis; 3) a rotation R of the ellipsoid.
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Let λ = RTx, µ = RTy and

Ṙ = RΩ̂, Ṡ = SΛ̂. (15)

In particular, (12a) and (12b) then simplify to:

M̂ = ÎdΩ − ÎcΛ, (16a)

N̂ = ÎdΛ − ÎcΩ, (16b)

with inverse

Ω̂ = ÎdM + ÎcN, (17a)

Λ̂ = ÎdN + ÎcM, (17b)

where

Id = trÃ
2
I − Ã

2
= diag

(
d2

1 + d2
3, d

2
1 + d2

3, d
2
1 + d2

2

)
, (18a)

Ic = diag (2d2d3, 2d1d3, 2d1d2) , (18b)

Id =
(
I2
d − I2

c

)−1
Id, (18c)

Ic =
(
I2
d − I2

c

)−1
Ic, (18d)

and Ã = diag(d1, d2, d3).

Remark 1 (Singularities): Notice from (18c) and (18d) that Ic and Id do not exist if di = dj,

for some i, j ∈ {1, 2, 3} with i 6= j, i.e. if the body is spheroidal. This is a consequence of our

decomposition. The spheroidal configurations are, however, exceptional. There is therefore

little loss of generality by restricting attention to ellipsoidal configurations, as in Riemann’s

classical theorem. 2
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Upon identifying (Ã, B̃) with (A = (d1, d2, d3),B = (b1, b2, b3)) ∈ T ∗R3
+ a straightforward

calculation shows that:

h(w) ≡ H(z̃) =
1

2
〈B,B〉 +

1

2
〈µ, µ〉 +

1

2
〈M, IdM〉 +

1

2
〈N, IdN〉 + 〈N, IcM〉 + u(λ,A),

(19)

w = (M, λ, µ,A,B,N),

where u(λ,A) = U(λ, Ã).

The Poisson structure also descends to a non-canonical Poisson structure on the reduced

space. In [19] it is shown how one obtains the reduced brackets for the system of a rigid

body and a sphere. One can repeat the exact same calculations to obtain the part of the

reduced bracket related to the left invariance. Similarly, it can be shown that the reduced

bracket related to the right invariance is just the standard reduced rigid body bracket, see

for example [7]. We therefore have:

Theorem 1 The reduced system on P/SO(3)2 is described by the Hamiltonian (19) equipped

with the Poisson structure matrix:

Λ =




M̂ λ̂ µ̂ 0 0 0

λ̂ 0 I 0 0 0

µ̂ −I 0 0 0 0

0 0 0 N̂ 0 0

0 0 0 0 0 I

0 0 0 0 −I 0




. 2

Since ∂Mh = IdM + IcN = Ω and ∂Nh = IdN + IcM = Λ, Hamilton’s equations read:

Ṁ = M ∧ Ω + λ ∧ ∂λu,

λ̇ = λ ∧Ω + µ,

µ̇ = µ ∧ Ω − ∂λu,

Ṅ = N ∧ Λ,

Ȧ = B,

Ḃ = −∂Ah.

(20)
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The initial Hamiltonian system has now been reduced by its symmetries and relative equi-

libria therefore coincide with equilibria of the reduced system described by Theorem 1 and

the equations in (20).

Now, L = M + λ ∧ µ and N are the body angular momentum and body circulation,

respectively, so that Jl = RL and Jr = SN (see (6a) and (6b)). By virtue of the reduction

we have:

Proposition 2 The functions C = C(|N|, |L|), are Casimir functions of the system. In

particular, |N| and |L| are conserved. 2

Besides decreasing the necessary degrees of freedom, the introduced reduction also allows us

to decouple the dependency of the effective rotations R and S (15). In particular, in the

rotational frame the mutual attraction between the bodies is independent of the attitude of

the pseudo-rigid body. Instead, the rotation affects the orbital motion, and vice versa, via

the dependency of the angular momenta M and N.

4 Relative equilibria

By the reduction, the relative equilibria of the system are solutions of the following system:

0 = M ∧Ω + λ ∧ ∂λu, (21a)

0 = λ ∧ Ω + µ, (21b)

0 = µ ∧Ω − ∂λu, (21c)

0 = N ∧ Λ, (21d)

0 = B, (21e)

0 = ∂Ah, (21f)
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We shall assume throughout that the pseudo-rigid body is not spheroidal. For further sim-

plifications it is advantageous to eliminate µ from (21b) so that (21c) and the total angular

momentum read:

0 = λ|Ω|2 −Ω〈λ,Ω〉 − ∂λu. (22)

and

L = M + Ω|λ|2 − λ〈λ,Ω〉, (23)

respectively. At relative equilibria (7a) and (7b) give:

L = Jl(x0,y0, Ã, B̃), N = Jr(Ã, B̃).

Lemma 1 may therefore be restated as:

Corollary 1 At relative equilibria:

L ∧ Ω = 0, N ∧Λ = 0.

Proof Here we show that this results can also be deduced directly from the reduced equa-

tions. Indeed, the latter condition coincides with equation (21d). For the former condition,

take the right outer product of L expressed by (23) with Ω, so that

M ∧Ω − λ ∧Ω〈λ,Ω〉 = 0.

The first item of this equation, using equation (21a), is equal to −λ∧ ∂λu. In turn ∂λu can

be eliminated from (21c). After these substitutions, the first item is equal to the negative of

the second one, and hence L ∧ Ω = 0. The corollary is therefore completed. �

As for the rigid body case [15], the relative equilibria can be divided into two types: locally

central and non-locally central. We also define planar equilibria in the following definition:

Definition 2 1. A relative equilibria is said to be locally central if the mutual attraction

and relative position vectors are parallel, i.e. λ ∧ ∂λu = 0.

2. A relative equilibria is said to be planar if the total angular momentum vector L is

perpendicular to relative position vector λ, i.e. 〈L, λ〉 = 0. 2
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However, the following theorem implies that the two notions of locally central and planar

equilibria actually coincide:

Theorem 2 Assume that the pseudo-rigid body satisfy the hypotheses. Then a relative equi-

libria of the system is planar if and only if it is locally central:

〈L, λ〉 = 0 ⇔ λ ∧ ∂λu = 0. 2

Proof First notice that by using (23) that 〈L, λ〉 = 0 is equivalent to 〈M, λ〉 = 0.

Let λ ∧ ∂λu = 0. Then from equation (21a) it follows that M ∧ Ω = 0. Taking the left

outer product of the last equation with λ, we obtain:

Ω〈M, λ〉 = M〈λ,Ω〉. (24)

Then, taking the left outer product of equation (21c) with λ, and applying the assumption

λ ∧ ∂λu = 0, we obtain λ ∧ Ω〈λ,Ω〉 = 0. Thus, there are two feasible cases. If λ ∧ Ω = 0

then from equation (21b) it follows that µ vanishes and from equation (21c) it then follows

that the gradient ∂λu vanishes. This can only be true if the sphere is internal to the pseudo

rigid body. This contradicts hypothesis H2. Thus, 〈λ,Ω〉 vanishes, and then, since Ω does

not vanish, from equation (24) it follows that 〈M, λ〉 vanishes. Thus, the sufficient condition

has been proved.

Let 〈L, λ〉 = 0. By Corollary 1 it follows that 〈Ω, λ〉 = 0. Therefore, by eliminating M

in (23) and inserting this into (21a), we have:

λ ∧ ∂λu = 0. �

Thus, the necessary condition has been proved.

We note that the two-body problem of a rigid body and a sphere is a natural subsystem:

Ṁ = M ∧ Ω + λ ∧ ∂λu,

λ̇ = λ ∧Ω + µ,

µ̇ = µ ∧ Ω − ∂λu,
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with A fixed, and hence the Theorem also holds true for this case.

Riemann’s theorem describes geometrical properties of the angular velocity and the cir-

culation of a pseudo-rigid body in a relative equilibria. In the following, we show that

Riemann’s theorem extends to the relative equilibria of the two-body systems of this paper

whenever λ is aligned with one of the principle axes of the ellipsoid. First, however, we

note that from Corollary 1 it follows that L and Ω, N and Λ are parallel pairwise. Here

Ω = 0 would imply that µ = 0 and ∂λu = 0 and therefore contradicts that the system is in

equilibrium. If Λ 6= 0 we therefore introduce kΩ and kΛ so that L = kΩΩ and N = kΛΛ.

Theorem 3 Assume that the system is in a relative equilibria where the pseudo-rigid body

is not spheroidal and where λ is aligned with the l’th principle axis of the pseudo-rigid body.

Denote by the integers m and n, m 6= n, m, n 6= l, the two remaining principle axis. Then:

1◦ Λ 6= 0 and either of the following equations hold true:

kΛ = d2
n + d2

m − 3
(
d2

l − d2
m

) (
d2

l − d2
n

)
λ−2

l

or

d2
l =

1

6
λ2

l +
1

2
kΛ, d2

m = −
1

6
λ2

l +
1

2
kΛ,

and 1
3
λ2

l < kΛ < 5
3
λ2

l and dn arbitrary so that d2
l − d2

m = 1
3
λ2

l , or finally Riemann’s

theorem hold true: (i) the angular velocity of the pseudo-rigid body vector Ω and the

internal rotation velocity vector Λ lie in the same principal plane of the body and (ii)

if one of the vectors is aligned with a principal axis, then the other vector is aligned

along the same axis.

2◦ Λ = 0 and either

d2
l =

1

2
kΩ − λ2

l , d2
m, d2

n =
1

2
kΩ,

and 2λ2
l < kΩ < 4λ2

l or Ω is in a principle plane of the body. 2
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Proof For 1◦ assume that Λ 6= 0. Then from (23), (16a) and (16b) it then follows that

(
Id − (kΩ − |λ|2) I − λλT −Ic

−Ic Id − kΛI

)(
Ω

Λ

)
= 0. (25)

Since λ is assumed to be aligned with one principle axis, it follows that λλT = diag (λ2
1, λ

2
2, λ

2
3)

with only one diagonal element non-zero. Therefore there exists a non-zero solution for

(Ωi, Λi) if and only if the determinant of the linear system

(
(Id)ii − kΩ + |λ|2 − λ2

i

)
Ωi − (Ic)ii Λi = 0,

((Id)ii − kΛ) Λi − (Ic)ii Ωi = 0

vanishes. We compute:

(
kΩ − |λ|2 + λ2

i

)
kΛ − (Id)ii

(
kΩ + kΛ − |λ|2 + λ2

i

)
+ (Id)

2

ii − (Ic)
2

ii = 0. (26)

From the definitions of Id (18a) and Ic (18b) we then obtain the following lemma:

Lemma 2 If (Ωi, Λi) and (Ωj , Λj) are non-zero solutions of (25) with i 6= j, then either

λi = λj = 0 and di = dj or the following two equations hold true

kΩ + kΛ = d2
i + d2

j − 2d2
k + |λ|2

− λ2
i

(
d2

j + d2
k − kΛ

) (
d2

i − d2
j

)−1
+ λ2

j

(
d2

i + d2
k − kΛ

) (
d2

j − d2
i

)−1
, (27)

kΩkΛ = d2
i d

2
j +

(
d2

i + d2
j

)
d2

k − 3d4
k + kΛ|λ|

2

− λ2
i

(
d2

i + d2
k

) (
d2

j + d2
k − kΛ

) (
d2

i − d2
j

)−1
+ λ2

j

(
d2

j + d2
k

) (
d2

i + d2
k − kΛ

) (
d2

j − d2
i

)
,

where (i, j, k) is a cyclic permutation of (1, 2, 3). 2

Proof We solve (26) for kΩ + kΛ and kΩkΛ for i = i and i = j. �

If Riemann’s theorem hold true then one of the pairs (Ωi, Λi) vanishes. Now assume other-

wise. Since the numbering is arbitrary, we may without loss of generality assume that λ1 6= 0

and λ2 = 0 = λ3. Since the pseudo-rigid body is assumed to be ellipsoidal, it follows from
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Lemma 2, and in particular (27), that:

d2
1 + d2

2 − 2d2
3 + λ2

1 + λ2
1

(
d2

2 + d2
3 − kΛ

) (
d2

1 − d2
2

)−1

= d2
3 + d2

1 − 2d2
2 + λ2

1 + λ2
1

(
d2

3 + d2
2 − kΛ

) (
d2

3 − d2
1

)−1

= d2
2 + d2

3 − 2d2
1 + λ2

1.

After some straightforward manipulations this can be shown to imply that either

kΛ = d2
2 + d2

3 − 3
(
d2

1 − d2
2

) (
d2

1 − d2
3

)
λ−2

1 ,

or

d2
1 =

1

6
|λ|2 +

1

2
kΛ, d2

j = −
1

6
|λ|2 +

1

2
kΛ, (28)

and dk arbitrary for j 6= k, j, k ∈ {2, 3}. The conditions d1 < λ1 and dj > 0 yield the

inequalities: 1
3
λ2

1 < kΛ < 5
3
λ2

1. Moreover, by solving for kΛ it also follows from the latter

equation in (28) that

d2
1 − d2

j =
1

3
λ2

1.

In the following we will show the last part of Riemann’s theorem. Since Ic is invertible it

follows from (25) that

Ω = I−1
c (Id − kΛI)Λ. (29a)

Assume then that Λi = Λj = 0, i 6= j. Then by (29a) it follows that either Ωi = Ωj = 0

or di = dk. The latter contradicts the body being ellipsoidal. We can repeat the same

arguments for Ωi = Ωj = 0. The last part of Riemann’s theorem has therefore been shown.

For 2◦ let Λ = 0. Then the first rows of (25) give

(
Id −

(
kΩ − |λ|2

)
I − λλT

)
Ω = 0. (30)

All component of Ω may only be non-zero if the matrix appearing in (30) have zero rank.

This implies that

d2
1 =

1

2
kΩ − λ2

1, d2
2, d2

3 =
1

2
kΩ.

From 0 < d2
1 < λ2

1 it follows that 2λ2
1 < kΩ < 4λ2

1. The proof is completed. �
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The proof of the theorem did only rely on Corollary 1 and the proporties of the conserved

quantities and the angular velocities Ω and Λ. Therefore the result applies to other similar

two-body problems, for example in molecular dynamics. By making use of other properties

in a relative equilibrium of the considered gravitational two-body problem we can show the

following:

Proposition 3 The second property of Riemann’s theorem, see (ii) in Theorem 3, can only

hold true in a locally central equilibrium. 2

Proof Assume otherwise so that Ωi = 0 = Ωj , i 6= j and therefore Λi = 0 = Λj. Then from

(25) we have:

λi〈λ,Ω〉 = 0 = λj〈λ,Ω〉,

so that 〈λ,Ω〉 = 0 or λi = 0 = λj. The former implies through (22) that the equilibrium

is planar. By assumption the latter must therefore hold true. But then λ ‖ Ω and through

(21b) and (21c) it follows that µ = 0 and ∂λu = 0, respectively. This is absurd in equilibria.

This completes the proof. �

It can also be shown that the exceptions to the validity of Riemann’s theorem in Theorem 3

cannot hold true in a locally central relative equilibrium. This follows from Theorem 2 and

the following lemma:

Lemma 3 In a locally central equilibrium the point mass is located along a principal axis of

the body. 2

Proof This follows directly from the fact that the pseudo-rigid body is ellipsoidal. See also

[15]. �

Indeed, we have the following:

Theorem 4 If the system is in a locally central equilibrium, then Riemann’s theorem hold

true: (i) the angular velocity of the pseudo-rigid body vector Ω and the internal rotation
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velocity vector Λ lie in the same principal plane of the body and (ii) if one of the vectors is

aligned with a principal axis, then the other vector is aligned along the same axis. 2

Proof By the assumptions of the theorem and Lemma 3 it follows that: (a) λ is aligned

with a principle axis, say i, and (b) 〈Ω, λ〉 = 0 so that Ω is contained in a principle plane

with Ωi = 0. Therefore by (29a) it follows that either kΛ is such that (I−1
c (Id − kΛI))ii = 0

or Λi = 0. By inserting (29a) into (25) we obtain the following equation:

0 =
((

Id −
(
kΩ + |λ|2

)
I − λλT

)
I−1
c (Id − kΛI) − Ic

)
Λ.

From this equation it follows that if (I−1
c (Id − kΛI))ii = 0 then Λi = 0. The first part of

Riemann’s theorem has been completed. The last part is proved by repeating the arguments

in Theorem 3. �

It is now natural to ask what happens when the equilibrium is non-planar. We do not

expect to a generalisation of Riemann’s theorem beyond Theorem 3. In the following we

shall instead investigate the non-planar equilibria with the particular aim of diminishing the

necessary equations while gaining further insight into the underlying geometry. Although, we

pretty much follow the method proposed by Scheeres in [1], we find our approach clearer and

simpler as unlike [15] we present explicit formulas for obtaining all the variables describing

the relative equilibrium once λ is found.

4.1 Non-locally central relative equilibrium

Let λ ∧ ∂λu 6= 0. Then if we take the inner product of equation (21a) with Ω, we obtain

that the vectors Ω, λ and ∂λu all lie in the same plane. Furthermore, by taking the inner

product of equation (21c) with Ω, we obtain that 〈Ω, ∂λu〉 = 0. Hence, the vectors Ω and

∂λu are perpendicular. The vectors λ, ∂λu ∧ λ and ∂λu ∧
(
∂λu ∧ λ

)
therefore form an

orthogonal basis in R3 when ∂λu ∧ λ 6= 0 (non-planar). Let us denote this basis by Fλ. In

this basis the vector Ω has only one non-zero component as it is parallel to ∂λu∧
(
∂λu ∧ λ

)
.
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This allows us to write Ω in the following way:

Ω = ± |Ω|
∂λu ∧

(
∂λu ∧ λ

)
∣∣∂λu ∧

(
∂λu ∧ λ

)∣∣ . (31)

Note that since the system is symmetric with respect to the reflection (Ω,Λ, µ) 7→ −(Ω,Λ, µ)

the choice of a sign in (31) is not important. The magnitude of Ω can be found by taking

the inner product of equation (22) with ∂λu:

|Ω|2 =
|∂λu|2

〈λ, ∂λu〉
. (32)

Here 〈λ, ∂λu〉 does not vanish. Indeed this would imply ∂λu = 0 which is absurd in equi-

libria. Moreover, it is strictly positive. Finally, after some simplifications, the vector Ω can

be rewritten in terms of λ and the potential in the following way:

Ω = ±
∂λu ∧

(
∂λu ∧ λ

)
√

〈λ, ∂λu〉
(
λ2|∂λu|2 − 〈λ, ∂λu〉2

) . (33)

Let us first assume that Λ 6= 0. Then from (29a) we have

(Id − kΛI)Λ = IcΩ, (34)

where kΛ is a parameter. The matrix (Id−kΛI) is diagonal and may only have one zero non-

diagonal component, as otherwise it would imply that the pseudo-rigid body was spheroidal.

We therefore consider two different scenarios. In the first scenario the matrix is invertible so

that:

Λ = (Id − kΛI)
−1IcΩ. (35)

Next, let the matrix have a zero component so that Ωi = 0. From this kΛ can be determined

along with the other components of Λ by inverting corresponding diagonal elements of the

matrix. We then leave the remaining component Λi, rather than kΛ as above, as a parameter.

We have:

Λi = Λi0, Λj =
2didk

d2
i − d2

j

Ωj , Λk =
2didj

d2
i − d2

k

Ωk, (36)
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where (i, j, k) are in a cyclic permutation.

After the introduced eliminations of µ, Ω and Λ equations (21a) and (21f) form a closed

subsystem, which should be solved for the position λ of the relative equilibria. These equa-

tions are vectorial. It means that there are six scalar equations. However, the amount

of equations determining the relative equilibrium position can be diminished. Each of the

equations can be treated as a vector which should vanish. Any vector can be resolved in an

unique way along an orthogonal basis, and the condition that a vector vanishes is equivalent

to the condition that all its component in an orthogonal basis vanish. We shall use the basis

Fλ for this purpose. In this basis equation (21a) has a zero component along the vector

∂λu ∧ (∂λu ∧ λ). This allows us to reduce the equation (21a) to two scalar equations, and

together with equations (21f) they give us the minimum number of equations for finding the

relative equilibria position:

〈M∗, ∂λu〉 + 〈λ, ∂λu〉
(
λ2|∂λu|2 − 〈λ, ∂λ〉2

)
= 0, (37a)

〈M∗, λ ∧ ∂λu〉 = 0 (37b)

∂Ah = 0. (37c)

Here

M∗ = ±
(
Id − Ic(Id − kΛI)

−1Ic

)
∂λu ∧

(
∂λu ∧ λ

)
, (38)

is a re-normalised angular momentum of the pseudo-rigid body valid only when (Ic − kΛI) is

invertible. Otherwise we replace this vector by:

M∗ = ±Id∂λu ∧
(
∂λu ∧ λ

)
− IcΛ, (39)

where Λ is given by (36).

We now consider the case when Λ vanishes. Then M = IdΩ and condition (21d) is

identically satisfied. We therefore have the same three equations as above but with M∗

given by (39) evaluated at Λ = 0.
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Compared to the equations found by [15], we have obtained five equations as opposed

two due to the extra degrees of freedom in our system. The angular momentum vector also

has a more complicated form. Again the rigid body case can be considered as a subsystem

considering Λ = 0 and d1, d2 and d3 as constants.

5 Conclusion

In this article the gravitational two-body problem of a pseudo-rigid body and a rigid sphere

was considered. For the case of a spherical symmetric pseudo-rigid body we reduced the

system by its symmetries through an extension of the standard reduction procedure of the

two-body problem of a rigid body and a sphere. This way the corresponding rigid body

problem became a natural subsystem. We then showed that the pseudo-rigid body problem

possessed similar properties and structure to the corresponding rigid body problem. In par-

ticular, we showed that the notions of locally central and planar relative equilibria coincided.

We also showed that Riemann’s theorem of pseudo rigid bodies had a natural extension for

planar relative equilibria.
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