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Abstract The six-dimensional phase space of the Circular Restricted Three
Body Problem offers opportunity to exploit dynamics commonly found in the
solar system for unique spacecraft trajectories. Poincaré first introduced the
idea of reducing the phase space by observing a surface of section, or a Poincaré
map. In this paper, we show an alternate map parameterization that classifies
trajectories according to their qualitative end state and reflects their status
onto an initial condition grid. While this method does not allow a visualization
of the entire phase space at once, it does allow insight into reduced regimes of
the phase space.

Keywords Circular Restricted Three-Body Problem · Poincaré maps · Initial
condition maps

1 Introduction

The dynamics of the Circular Restricted Three Body Problem (CR3BP) offer
enormous opportunity in terms of unique spacecraft trajectories within and
between systems of two large bodies in our solar system, such as, but not
limited to the Earth-Moon, Sun-Earth, and Jupiter-Europa systems. Despite
the CR3BP being a simplification of the N-Body Problem the complexity
of the dynamics are such that understanding and harnessing them is not a
trivial task. A large part of the difficulty in understanding the CR3BP is
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that the phase space is six dimensional and its equations of motion are non-
linear. Poincaré introduced the surface of section, which along with the Jacobi
constant, allows subsets of the phase space to be visualized. The surface of
section is formed by numerically integrating the equations of motion in time
and marking each crossing of a specified plane. Closed curves on the surface
of section represent quasiperiodic orbits while single points in the center of
closed curves are periodic orbits (Kolemen et al., 2012).

Many researchers have employed maps to gain insight into the CR3BP or
as actual mission planning tools. As described by Villac & Scheeres (2003), a
Poincaré map is the discrete time visualization of a more complicated continu-
ous time dynamical system. A parameterization of the Poincaré map to analyze
the characteristics of trajectories that escape from the second primary body
past the L2 Lagrange point is developed by the authors. Their method popu-
lates a grid of CR3BP initial conditions on the plane defined by the X location
of the L2 Lagrange point and randomly selected values of two angles for the
direction of the velocity vector. The trajectories are then integrated backward
in time and projected on the surface of section defined by a periapsis condition.
The authors found they could place bounds on radius, longitude of periapsis,
and inclination of the set of periapses that result in escape/capture trajec-
tories. This work was the foundation for periapsis Poincaré maps. Paskowitz
& Scheeres (2006) extend the visualization of periapsis Poincaré maps to the
SCR3BP by displaying the results in three dimensional physical space with the
three dimensional velocities being represented by vectors emanating from the
physical space points. Capture trajectories about Europa are investigated and
the possibility of transferring from these orbits into long-term stable orbits is
considered.

Davis & Howell (2012) and Davis & Howell (2011) employ periapsis Poincaré
Maps to analyze the short and long term behavior of trajectories near P2. A
set of initial conditions are chosen corresponding to periapses expressed in po-
lar coordinates. These initial conditions are integrated forward in time until
one of four end states is reached: the trajectory impacts the smaller primary,
the trajectory escapes out of the L1 gateway, trajectory escapes out of the L2

gateway, or the trajectory is bound about the smaller primary for the duration
of the integration time. During the integration, periapsis passages are tracked
and it is noted that the periapses of escaping trajectories always occur within
certain lobes and in a specific order–the trajectories that have two periapses
passages will have their second periapsis passage in the same lobe as those
that have only one periapsis before escape. A case study is presented in which
a maneuver is designed to transition from a trajectory in which the L1 and L2

gateways are open to a trajectory which is bound about the smaller body. The
design is accomplished by overlapping two maps of different Jacobi constants
and matching a periapsis in X-Y position space.

Haapala & Howell (2013) show that Periapsis Poincaré maps can describe
the relationship between temporary satellite capture (TSC) of Jupiter-family
comets and the invariant manifolds of the Sun-Jupiter libration point orbits
and can be explored particularly in terms of passage through the L1 and L2
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gateways. Haapala & Howell (2014) extend the Poincaré map for application to
the six dimensional phase space of the CR3BP through the use of glyphs. The
type chosen is defined by a base point located on a two dimensional surface.
From the base point, in the same plane, extends a scaled vector to represent
two additional dimensions. Defining a surface of section for the Poincaré map
reduces the phase space by one dimension and constraining the states to the
same Jacobi constant accounts for the last dimension of the phase space. The
surface of section defined by the Y -Z plane centered at the smaller primary
is examined to design several types of transfer trajectories. First, it is shown
that a heteroclinic connection may be found using the stable and unstable
manifolds of Halo orbits, and second a similar method is used to find free
trajectories between quasi-periodic orbits of L1 and L2. The Poincaré map
provides initial guesses for the differential corrections algorithm used to locate
the specific trajectories. It is shown that the method can be slightly adapted
to find low cost transfers as well.

Another mapping method for planning transfers was developed by Parker
(2007) and Parker & Anderson (2014). In the full ephemeris model, low-energy
transfers between a low Earth parking orbit and a lunar Halo orbit can be
developed with a set of six parameters: target three-body orbit family, Z am-
plitude of the Halo Orbit, reference epoch, arrival location on target orbit,
perturbation direction, and propagation duration. A reference transfer and its
parameters are selected and two of the six parameters are varied. The data
are displayed on a Ballistic Lunar Transfer (BLT) map. The varied parameters
determine the axes of the map and a third dimension, is displayed with a heat
map or colors reflecting a certain state. Parker & Anderson (2014) contains
a particularly detailed explanation of the BLT map and its many variations.
As the BLT map is generated using the full ephemeris model the maps must
be reproduced for the mission dates in consideration. The BLT map provides
information for key trades in mission planning such as: injection energy, incli-
nation, and altitude, transfer durations, and number of lunar flybys, etc.

Anderson & Lo (2005) use a different parameterization of the Poincaré map
to investigate the collision trajectories of Europa. An initial condition grid of
longitude versus latitude is computed such that the position of the particle
is on the sphere of Europa and the direction of the velocity of the particle is
toward the center of the sphere and normal to the sphere’s surface. These tra-
jectories are then integrated backward in time to identify their origin: within
Europa’s orbit about Jupiter, outside Europa’s orbit about Jupiter, or from
the surface of Europa itself. The origin of impact orbits was found to be highly
dependent on latitude: as latitude is increased, impacting trajectories tend to
originate only from Europa itself. While the initial condition map utilized is
more simplistic than that of periapsis poincare maps, the longitude/latitude
map resulted in fundamental understanding of Europa collision trajectories,
demonstrating that simplifying the phase space through additional constraints
is an approach that can yield greater understanding of the dynamics. Anderson
& Parker (2012) extended this line of research to the Earth-Moon system, an-
alyzing varying impact angles in the planar problem and normal impact angles
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in the three-dimensional problem. Further, Anderson & Parker (2013) incor-
porate the effects of the Sun into Earth-Moon trajectories and allow varying
impact angles in the three-dimensional problem. It is observed that collision
trajectories present in the CR3BP usually exist in the full ephemeris problem,
but the reverse is not true. A wide range of elevation angles are available for
lunar landings, especially with variations in the Jacobi constant.

The work addressed above shows that crucial insights are gained through
numerical data surveys, the graphical presentation of that data, and different
mapping techniques. The purpose and aim of this paper is to introduce a
new tool for the investigation of the solution space of the CR3BP. Specific
planar subsets of phase space initial conditions are selected and numerically
integrated forward or backward in time until one of several defined end states
is reached. These end states are reflected onto an initial condition map. These
maps, and their properties were introduced by Utku (2013) and are called
Motion Maps.

2 Background

The Three Body Problem (3BP) has received special attention from mathe-
maticians and scientists for more than three centuries. A subset of the three
body problem, the CR3BP, has also been studied in detail, and addresses the
motion of a massless particle under the influence of two large bodies, called
primaries. The larger and smaller primaries are labeled P1 and P2, respectively.
The primaries orbit their common center of mass, the barycenter, in circular,
co-planar orbits. In this work, the problem is described in a coordinate frame
which rotates with the system. The origin of the coordinate frame is placed
at the barycenter; the X-axis points from the origin to P2; the Z-axis points
in the direction of positive angular momentum of the system; and the Y-axis
completes the orthonormal right-handed coordinate frame. Fig. 1 shows the
coordinate system. The particle, or spacecraft, travels in the X-Y plane in the
planar CR3BP (PCR3BP) or in three-dimensional space in the spatial CR3BP
(SCR3BP). In this work, the CR3BP is assumed to be the SCR3BP unless
specifically identified as the PCR3BP.

2.1 Equations of Motion

The development of the equations of motion of the CR3BP are presented in
many sources, including Victor Szebehely’s masterpiece, “Theory of Orbits:
The Restricted Problem of Three Bodies” (Szebehely, 1967). The equations
of motion are three second-order, coupled, non-linear differential equations
which are not analytically solvable. Throughout this work position, velocity,
and time dimensional variables are represented by lower case letters while
their nondimensional equivalents are represented with upper case letters. The
CR3BP system is nondimensionalized by setting [X,Y, Z] = [x, y, z]/asys,
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[VX , VY , VZ ] = [vx, vy, vz]/(asysωsys), and T = ωsyst where asys is the dis-
tance between the primaries and wsys is the frequency of the primaries’ ro-

tation about their barycenter, ωsys =
√
G(m1 +m2)/a3sys. The masses of P1

and P2 are nondimensionalized such that µ1,2 = mP1,P2
/(mP1

+ mP2
); as µ1

and µ2 are not independent, their representation can be reduced to µ1 = 1−µ
and µ2 = µ. With these definitions in mind, the equations of motion for the
CR3BP are
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The CR3BP has one integral of motion, called the Jacobi constant. It is
an energy-like term, defined by the relationship in Eq. 3.

C = 2U − V 2 (3)

where the pseudo-potential, U , is represented by Eq 4.
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The magnitudes R1 and R2 denote the distance between the particle and
the primaries, P1 and P2, respectively. The V in Eq. 3 is the velocity with
respect to the rotating frame such that V 2 = V 2

X + V 2
Y + V 2

Z where:

VX =
dX

dT

VY =
dY

dT

VZ =
dZ

dT

(5)

Throughout the rest of this work, the parameters shown in Tab. 1 were
used. Nondimensional units for position, velocity, and time are implied whereas
physical units are written out when they appear.

In the SCR3BP, C defines a zero velocity surface (ZVS) which describes
where motion of the particle can and cannot occur. In the PCR3BP, the ZVS
becomes zero velocity curves (ZVC) which again show where a particle can
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Table 1: CR3BP System Parameters

System Mass Parameter (µ) Time Unit [days] Distance Unit [km]

Earth-Moon 1.21506683× 10−2 4.34 3.84748× 105

Sun-Earth/Moon 3.04040073× 10−6 58.1 1.49598× 108

move. The ZVC for the Earth-Moon system at a Jacobi constant of C = 3.17
is shown in Fig. 2. The regions of possible motion are labeled as the inner
region, neck region, and outer region, while the area where motion cannot
occur is labeled the forbidden region.

2.2 Dynamics Near the Second Primary

The neck region in Fig. 2 is of interest because in this region in particular,
motion is not well described by Keplerian motion about P1 or P2 due to the
combined influence of both bodies. Small changes in the initial conditions in
this region can result in different qualitative end states (i.e. an L2 escape in-
stead impacts the surface of P2). Within the neck region are located two of the
three collinear equilibrium points, L1 and L2. Though the collinear equilibrium
points are unstable, they make possible several interesting families of periodic
and quasiperiodic orbits such as the horizontal and vertical Lyapunov orbits,
Halo orbits, Lissajous orbits, and quasi-Halo orbits. If trajectories with ini-
tial conditions located in the neck region are observed forward and backward
time, valuable or interesting features of the phase space can be identified. At
a macro level, groups of initial conditions are seen to have common end states
such as leaving the neck region or impacting with the primary P2, while other
groups show the presence of chaos in the problem. This observation provides
the motivation to look at the CR3BP through the lens of a motion map.

2.3 Definition of Possible End States

The boundaries of the neck region are to be defined only by L1 and L2. The
locations of L1 and L2 for the CR3BP systems in this work are summarized
in Tab. 2.

Table 2: Location of Earth-Moon and Sun-Earth/Moon collinear equilibrium
points, L1 and L2.

System L1x [nondimensional] L2x [nondimensional]

Earth-Moon 0.836914718893 1.155682483479
Sun-Earth/Moon 0.989986007167 1.010075174909
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In this work, reduced sets of phase space in the SCR3BP near P2 are
investigated; four possible end states are defined as in Davis & Howell (2012)
and Utku (2013):

1. Escape via L1 – from the neck region, the trajectory passes L1 on its way to
the larger primary (P1) and motion in the inner region of the zero velocity
surface at T < Tf , where Tf is the maximum integration time.

2. Escape via L2 – from the neck region, the trajectory passes L2 as it departs
the smaller primary (P2) and toward motion in the outer region of the zero
velocity surface.

3. Impact with Smaller Primary – the trajectory enters the boundary defining
the surface of the smaller primary (P2).

4. Bound – the trajectory remains in the neck region but does not impact
P2 for the duration of the numerical integration. This group of trajectories
includes stable periodic and quasiperiodic orbits, as well as trajectories
that simply don’t achieve another end state before the integration has
completed. Note that a “bound” trajectory is not bound for all time, just
the time of the integration.

It should be noted that once a trajectory reaches one of the end states, it’s
motion is no longer evaluated and any future end states are not considered.
For example, a trajectory that departs the neck region by way of L1 may
again return to the neck region after some number of orbits around the larger
primary. In this case, the end state is set as L1 escape regardless of what
happens later. The mathematical definitions of the end states are listed below
in Table 3:

Table 3: Motion map end state classification criteria.

End State Condition 1 Condition 2

L1 Escape X ≤ [L1X − 0.1(1− µ− L1X)] T < Tf
L2 Escape X ≥ [L2X − 0.1(1− µ− L2X)] T < Tf
P2 Impact R2 ≤ RP2

T < Tf
Bound T ≥ Tf N/A

2.4 Construction of the Motion Map

The Motion Map is simply a graphical representation of the end states of a
planar initial condition grid. First, the grid of initial conditions must be cho-
sen. The types of initial conditions can vary, but in this work the authors
selected two components of position, either the X-Z or Y -Z plane. For exam-
ple, consider the set of initial conditions Y = VX = VZ = 0, which is a grid of
initial conditions on the X-Z plane. Further, let X range from the L1 Lagrange
point to the center of the smaller primary and Z range from 0 to the top of
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the ZVS (which varies depending on system and Jacobi constant). Because
of the configuration chosen, only trajectories that are normally intersecting
the X-Z plane at T = 0 are considered. If a Jacobi constant is selected, such
as C = 3.17, for each set of initial conditions, VY can be determined using
Eq. 3 which becomes VY = −

√
2U − C (note: the positive solution is another

case). The initial conditions are integrated forward or backward in time until
each set meets one of the criteria described in §2.3. Once the integrations are
complete, the end states are projected onto the initial conditions space–the
axes are defined by the initial conditions that were varied and the end states
are color coded.

Within this work, numerical integration is performed using a Runge-Kutta-
Fehlberg algorithm of order seven with order eight error control (RKF78)
(Fehlberg, 1968). User determined integration parameters used in this research
were a tolerance of 3.0× 10−12 and a maximum step size of 2.0× 103. In this
application, regularization of the equations of motion to avoid singularities
was not necessary because the information sought is of a qualitative nature;
in addition, the maximum change in Jacobi constant for each trajectory over
the period of integration was of the same order as the tolerance.

In the motion map for the system with a Jacobi constant such that both
the L1 and L2 gates are open (but L3, L4, and L5 are still inaccessible),
distinct regions of each of the possible end states are visible. Such a motion
map is visible in Fig. 3 for the Earth-Moon system. First note the scale and
location in physical space of the plot: the X-Z plane at Y = 0; the range of
X is from about L1 to the center of P2 at X = 1− µ. Most prominent is the
triangular green region of orbits that remain bound about P2 for the entirety
of the integration. The green region shows that at this Jacobi energy only
inclined orbits about P2 are bound over the integration period of Tf = 50 or
tf ≈ 217 days.

The white space at the top of Fig. 3 is physical space located outside the
ZVS for the Earth-Moon system at C = 3.17. Below the bound region is an
area of L1 escapes toward the left of the figure and L2 escapes toward the right
of the figure. This escape region is partitioned into chunks by bands of impact
trajectories, which will be discussed later in the paper. Barely visible in the
bottom right of the figure is a quarter-circle representing the Moon in this
motion map. P2 may or may not be visible in a given motion map, depending
on both the mass parameter and the radius of P2.

In Fig. 4, two additional motion maps are presented for the Earth-Moon
system: one at a higher energy, C = 3.13, and another at a lower energy,
C = 3.21. In the left figure, when compared with Fig. 3, the increased energy
results in a larger ZVS and the clearly defined regions devolve into more chaotic
behavior. The bound region begins to disappear while the escape regions grow
in size. On the right, an obvious case is presented. At this energy, both L1

and L2 gates are closed so the only possible trajectory end states are bound
or impact.

One of the most tantalizing aspects of motion maps is that they appear
qualitatively the same regardless of the system. Once motion map features are
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identified for one system, those features are directly translatable to another
system. So far, the motion maps presented have only been of the Earth-Moon
system–which is in fact a unique CR3BP system within the solar system in that
it has the largest mass parameter among Sun-planet and planet-moon systems.
The Earth-Moon’s mass parameter is more than an order of magnitude larger
than the system with the next largest mass parameter, the Sun-Jupiter system.
Fig. 5 shows motion maps for both the Earth-Moon and the Sun-Earth/Moon
systems. In order to make the motions maps for the two systems as comparable
as possible, an energy is selected for each such that in the Y -direction, the L1

gate and L2 gate are open the same distance. For the Earth-Moon system
the value was Y = ±0.0999882836885 and for the Sun-Earth/Moon system
the value was Y = ±0.00636609503233. For both systems, the same types of
end state regions are seen: the triangular bound region and the escape regions
broken by bands of impact trajectories. The bands between the escape regions
are also where the greatest differences between the maps of the two systems
can be seen, as well as the green streaks in the impact region of the Sun-
Earth/Moon map. These differences are discussed in a later section.

The motion map provides information beyond end state behavior. For ex-
ample, the regions of trajectories that result in L1 or L2 escapes are grouped
on the map by how many revolutions about P2 are made before escape. As
seen in Fig. 6, the left most region of L1 escapes and the right-most region of
L2 escapes are associated with zero revolutions about P2. As the red and yel-
low regions progress toward the center of the map, the number of revolutions
about P2 increases by one while at the same time the regions also get smaller.

2.5 Parameters that Change Motion Maps

While motion maps across the range of mass parameters are similar, the size of
the smaller primary plays a key role in determining the appearance of a motion
map, especially in terms of boundaries between regions and the appearance
of the impact region. In addition, varying the integration time or adjusting
the grid size allows different features to become visible. The selection of the
grid size and resolution affects both computation time and granularity of the
motion map while the integration time affects not only computation time but
also the character of the bounded region. In the sections below, the effects of
the size of P2, numerical integration time, and grid size are briefly introduced.

2.5.1 Radius of P2

In Fig. 5 there are key differences between the maps, but it was difficult to
determine which differences were due to differing mass parameters (almost four
orders of magnitude) and which were due to other factors. For an arbitrary
system with a mass parameter of µ = 0.01, the nondimensional radius of P2,
RP2, was varied. Motion maps with RP2 = 0.01 and RP2 = 0.001 are shown in
Fig. 7. Recall that the distance between the primaries is 1 distance unit, and all
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other distances are nondimensionalized accordingly. It is immediately apparent
and obvious that as the size of P2 becomes smaller, fewer trajectories are
impact trajectories. As a consequence, the boundaries between the chunks of
escape regions become less clear. The boundaries between the regions separate
trajectories that make fewer or more revolutions around the primary as shown
in Fig. 6. When the primary is larger, a more significant amount of these
trajectories impact with the primary rather than making another revolution.
On the other hand, when the primary is smaller, less trajectories are swept up
by impact with the primary. Other differences in Fig. 7 were also seen in Fig. 5.
Smaller RP2 values result in a decreased angle between the bound region and
the impact region in the upper right part of the map. Also, as RP2 becomes
smaller, green strings of bound trajectories spread into the impact region. The
area where these green strings appear are discussed later in the paper.

2.5.2 Integration Time

The simulation time also changes the bounded region. Specifically, the changes
between two motion maps that differ only by integration time is that the
bounded region will be larger and appear more defined in the motion map with
the smaller integration time. Consider a motion map such as the one presented
in Fig. 3 integrated forward in time until T = Tf1. If instead the integration is
continued to a further time, Tf2, such that Tf2 > Tf1, the only possible changes
are for green bounded trajectories to instead reach different end states. Those
trajectories that either escaped or impacted are no longer being integrated as
their final result is known. The bounded trajectories continue to be integrated
and are subject to the three other possible outcomes until the new integration
duration has finished – bound trajectories can remain bound or instead escape
or impact. Also of concern is the build-up of numerical error as integration time
increases. Areas of the previously clear bound region become fuzzy with specks
of all the different end states, some of which are identified in Fig. 8.

2.5.3 Grid Size & Resolution

The grid size is chosen based on the type of analysis to be performed and
the associated initial conditions of interest. As mentioned previously in §2.2,
the three body dynamics near P2 make some subset of initial conditions in
the neck region ideal for grid size selection. In this paper, for an X-Z plane
motion map, the grid size has been defined such that X ranges between the
L1 Lagrange point and the center of the smaller body and Z varies between
zero and ZZV C+, where ZZV C+ is slightly greater than the limit defined by
the ZVC for Y = 0 at a particular Jacobi constant. In the case of the X-Z
and Y -Z motion maps, trajectories are symmetrical about the X-Y plane, so
the negative Z portion of the motion map does not yield additional insight as
it is simply a reflection of the positive Z motion map.

For a given grid size, the resolution must be chosen based on analysis
needs. Thus far, the authors have found that a grid resolution of 500 × 500
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(yielding 250, 000 sets of initial conditions) is usually an appropriate balance
between computation time and data resolution. On a desktop computer with
an Intel Core i5-2500 3.3 GHz CPU and 8 GB of RAM, the motion map
algorithm, coded in Fortran, took approximately 5-10 minutes to complete.
Obviously as the grid resolution increases, so does the computation time and
the resolution of the map. The “right” resolution is situation dependent but
in most circumstances it is best to simply reduce the grid size to the area of
interest rather than increase the number of points in the motion map. Fig.
9 shows a zoomed in region of the motion map example. As the grid size is
reduced, additional structures or features are visible because the granularity
within that region of the map is increased.

3 Simple Applications of Motion Maps

3.1 Backward/Forward Time Trajectory Planning

One method of using motion maps for trajectory planning is to produce two
motion maps that are linked by being the same position space. The maps
will differ in that one map will be integrated backward in time and the other
map is integrated forward in time. Another motion map method for trajectory
planning is to create two maps each of different energies.

Thus far, the motion maps seen in this research have been initial condition
sets in the X-Z plane, which is not an ideal plane for backward and forward
trajectory planning unless the goal is to enter the neck region from the L1 or
L2 gate and later exit the neck region from the same gate. Due to symmetry
of the CR3BP (Miele, 1960), X-Z motion maps in forward and backward time
are the same; however, the actual trajectories in the forward time map are
reflections across the X-Z plane of the trajectories in the backward time map.

If a different plane is chosen, such as the Y -Z plane, the forward and
backward time motion maps are not the same which allows for trajectories
that begin and end in different end states. Two Y -Z motion maps at X = 1−µ
(the plane centered on P2) are shown below in Fig. 10.

For the first trajectory planning example, assume we require a trajectory
that once departed Earth enters the neck region, passes the Moon, then exits
the neck region to the exterior region. Then the trajectories of interest are
those that backward in time exit the neck region through L1 (or said another
way, forward in time enter the neck region through L1) and forward in time
exit the neck region through L2. In terms of motion maps, an initial condition
is desired such that the backward time motion map has a red dot and the same
initial condition has a yellow dot on the forward time motion map. Visually
this comparison of colored dots is difficult, so a new map, shown in Fig. 11, is
introduced that shows the union of backward time red dots and forward time
yellow dots.

Referencing Fig. 11, it can be seen that there is a distinct region of initial
conditions that meet the goals from the above scenario, including a subset
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of trajectories that are planar in the X-Y plane. Beyond inclination and an
idea of location in physical space of the trajectory at a single point in time,
this plot does not give other criteria with which to judge the desirability of
the trajectories. A third dimension of data could be added such as flight time
between L1 and L2 or lowest two body energy referenced to Earth, either as a
three dimensional plot or a heat map. An example trajectory designed using
the Figs. 10 and 11 is shown in Fig. 12.

3.2 Impulsive ∆V : Varying Jacobi Constant

Motion maps can provide easy visualization of costs of simple maneuvers.
Suppose the task is to assess the ∆V required to cause an L1 escape trajectory
in C = 3.17 motion map to become a bound trajectory. A similar approach
to the backward/forward trajectory planning above is taken. First, the X-Z
motion maps at C = 3.16 and 3.17 are generated as shown in, Figs. 13a and
13b.

Next the overlap between L1 escape trajectories (red) in the C = 3.16
map and the bound trajectories in the C = 3.17 map are determined and
shown in Fig. 14a. The calculation of the ∆V between two motion maps is
relatively simple as in both maps the velocity is only in one direction, in this
case VY . The magnitude of the difference between VY of the two maps is the
∆V . Normally, the velocity contribution due to the rotating frame would have
to be accounted for, but since only the same initial conditions in position space
are considered between the two maps its contribution is effectively removed.
The ∆V costs in [m/s] are shown in Fig. 14b and range from 2.3 to 101.2
[m/s].

3.3 Identification of Periodic or Quasiperiodic Orbits

Recall that during the calculation of a motion map the integration of a given set
of initial conditions is terminated once the associated trajectory reaches one of
the four end states. The initial condition set is then recorded with the end state
status. In addition, if the time at which the end state is recorded as well, motion
maps may be used to identify periodic or quasiperiodic orbits. The definition of
the motion map includes a green region of trajectories that have been identified
as bound (over the integration period) about P2. While these trajectories are
at least close to quasiperiodic they are not the trajectories sought in this
instance. It is well known and documented that periodic and quasiperiodic
orbits exist about the equilibrium points L1 and L2 such as horizontal and
vertical Lyapunov, Halo, Lissajous, and Quasi-Halo. These orbits are usually
calculated using a differential correction process presented in sources such as
Breakwell & Brown (1979), Howell & Breakwell (1984), and Howell & Pernicka
(1988).

Consider the Earth-Moon system X-Z motion map at an energy of C =
3.17 in Fig. 3. In this representation, the locations of quasiperiodic or periodic
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trajectories are not apparent outside the obvious bounded region. The same
motion map is altered to show the time it took for each end state to occur.
With bound orbits excluded (green on regular motion map), a third dimension
of data is added to the motion map in the form of new colors and is shown
in Fig. 15. Throughout the larger blue regions representing approximately
T = 0, curves of other colors representing increased time are seen. These
curves represent trajectories that are nearer to periodic-like motion. Also of
interest is the region near X0 = 0.98 and Z0 = 0.06–this is the same area in
which the “green strings” appear for motion maps with small RP2 values. A
greater volume of periodic-like orbits may exist in this region when RP2 is
small.

If the sets of initial conditions are further limited to the condition that
Z = 0, effectively the bottom line of the motion map has been selected. Now,
a new plot is created to include the end state achievement time mentioned
above and is presented in Fig. 16.

In Fig. 16a, three or four local maximums are visible. If the motion map is
focused on a smaller region (same grid size but different resolution) it is seen
in Fig. 16b that additional peaks exist and the time at which they occur has
increased. The increase in time is expected as the grid becomes smaller be-
cause the initial condition sets are coming closer and closer to approximating
quasiperiodic orbits in these peak regions. If an initial condition set by chance
happened to be exactly on a quasiperiodc orbit or periodic orbit, the numerical
integration would either continue until the integration duration was complete
or more likely the build-up of numerical error would cause the trajectory to
appear to escape or impact. The peaks are composed of all of the unbound
(not green) end states. As quasiperiodic or periodic orbits about the equi-
librium points are unstable, trajectories near them appear to have a random
distribution of end states.

While not a means on its own to identify quasiperiodic and periodic orbits,
the method using motion maps shown above may be used to provide an accu-
rate initial guess for the differential correction algorithm. For example, using
the more course motion map in the left of Fig. 16, the initial condition set
with the greatest value of T is selected. With no other refinement, this initial
condition is integrated and plotted in Fig. 17 to show a nearly periodic, planar
orbit about the Moon.

After less than three full periods, the trajectory can be seen to diverge
from periodic characteristics because the orbit identified is close to, but not
exactly, a periodic orbit. If differential correction was applied with the initial
conditions as the guess, the actual periodic orbit would be found within the
tolerances of the algorithm.

The discussion thus far has focused on the X-Z motion map at Z = 0 but
could be used on other motion map configurations. For example, in Fig. 15
along the right-hand side, a curve of increased time is seen around Z = 0.06.
For further detail into a specific case, the X-Z motion map at X = 1 − µ is
shown in Fig. 18. Based on this presentation, it is clear where to look for the
periodic-type trajectory.
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Again, without further refining the grid, the initial condition state is taken
from the data for numerical integration and plotted in Fig. 19. This three-
dimensional orbit has a period of about T = 6.6 or t = 28.6 days.

If present, the initial conditions with bound end states should be excluded
as they are associated with periodic or periodic-like orbits that didn’t pass
L1 or L2 and didn’t impact before the integration time was complete. In the
above example in Fig. 16, if any of the initial condition sets had a “bound”
end state the time of end state achievement would be the integration duration
of 50 which would obscure the peaks of the other end states which occurred
between T = 0 and T = 10.

4 Conclusion

This paper has identified the motion map as another tool to help understand
the characteristics of the CR3BP. The motion map is defined as an initial con-
ditions grid which reflects the qualitative end states of trajectories. The pos-
sible end states are L1 escape (red), L2 escape (yellow), impact with smaller
primary (blue), or bound over integration time (green). In this work, the initial
condition grid has been presented in physical space on the X-Z or Y -Z planes,
but many other configurations are possible and may be useful. The X-Z plane
is of particular interest due to several types of periodic orbits intersecting the
X-Z plane normally. The motion map can be used to plan simple maneuvers
or to search for initial guesses of quasiperiodic or periodic orbits. More funda-
mentally, the motion map offers key insights into the characteristics of groups
of trajectories. Specific regions or groups of trajectories that show interest-
ing features may be selected for future study. For example, the role of the
size of the smaller primary relative to the distance between the primaries was
identified to play a key role in the appearance of motion maps, which in this
case translates to some real CR3BP systems having periodic or periodic-like
trajectories that other systems do not simply because the large relative size of
the second body results in that set of trajectories ending in impacts.

On the surface, the motion of a particle under the influence of the gravita-
tion of two larger bodies may seem trivial. But, the six dimensional phase space
of the CR3BP is incredibly complex while also offering very useful solutions
for real space missions. Like other numerical surveys and mapping methods,
the motion map is another way to approach the massive scale of the CR3BP.
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Fig. 1: Rotating coordinate frame of the CR3BP.
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Fig. 2: Zero Velocity Curves for µ = 0.0121506683 and C = 3.17.



FIGURES 19

Fig. 3: Motion map for Earth-Moon System: µ = 0.0121506683, C = 3.17,
Tf = 50, X0 = [X0, 0, Z0, 0, VY , 0]. Red: L1 Escape, Yellow: L2 Escape, Blue:
Impact, Green: Bound.
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(a) Earth-Moon system, C = 3.13

(b) Earth-Moon system, C = 3.21

Fig. 4: Motion maps for Earth-Moon system at two Jacobi constants: µ =
0.0121506683, Tf = 50, X0 = [X0, 0, Z0, 0, VY , 0]. Red: L1 Escape, Yellow: L2

Escape, Blue: Impact, Green: Bound.
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(a) Earth-Moon.

(b) Sun-Earth/Moon.

Fig. 5: Motion maps for Earth-Moon and Sun-Earth/Moon systems at C =
3.167592900168655 and C = 3.000804879178456, respectively, resulting in
the equal gate width of L1 and L2 in the Y -direction: Tf = 50 and X0 =
[X0, 0, Z0, 0, VY , 0]. Red: L1 Escape, Yellow: L2 Escape, Blue: Impact, Green:
Bound.
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Fig. 6: Number of revolutions about P2 before trajectories escape through L1

or L2; Earth-Moon system, C = 3.17. Red: L1 Escape, Yellow: L2 Escape,
Blue: Impact, Green: Bound.



FIGURES 23

(a) RP2 = 0.01

(b) RP2 = 0.001

Fig. 7: Motion maps for an arbitrary system with µ = 0.01, Tf = 50, X0 =
[X0, 0, Z0, 0, VY , 0]. Red: L1 Escape, Yellow: L2 Escape, Blue: Impact, Green:
Bound.
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(a) Tf = 50

(b) Tf = 200

Fig. 8: Motion maps for the Earth-Moon system with varied integration dura-
tions: C = 3.17, X0 = [X0, 0, Z0, 0, VY , 0]. Red: L1 Escape, Yellow: L2 Escape,
Blue: Impact, Green: Bound.
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(a) 0.84 ≤ X0 ≤ 1− µ, 0 ≤ Z0 ≤ 0.12

(b) 0.9 ≤ X0 ≤ 0.94, 0.02 ≤ Z0 ≤ 0.06

Fig. 9: Motion maps for the Earth-Moon system with large and small grid size:
C = 3.17, X0 = [X0, 0, Z0, 0, VY , 0]. Red: L1 Escape, Yellow: L2 Escape, Blue:
Impact, Green: Bound.
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(a) Foward time.

(b) Backward time.

Fig. 10: Motion maps for the Earth-Moon system: C = 3.16, X0 = [1 −
µ, Y0, Z0, VX , 0, 0]. Red: L1 Escape, Yellow: L2 Escape, Blue: Impact, Green:
Bound.
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Fig. 11: Intersection of initial conditions that escape L1 in backward time and
escape L2 in forward time; derived from two Y -Z motion maps.
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Fig. 12: Example Earth-Moon system trajectory chosen from motion maps
that escapes L1 in backward time and escapes L2 in forward time: X0 =
[0.9878493117,−0.065, 0.005, 0.4199445887, 0, 0]. Note: Earth and Moon are
shown at three times actual size.
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(a) Earth-Moon, C = 3.16.

(b) Earth-Moon, C = 3.17.

Fig. 13: Motion maps for the Earth-Moon system at two different energies.
Red: L1 Escape, Yellow: L2 Escape, Blue: Impact, Green: Bound.
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(a) Candidate trajectories.

(b) Required ∆V in m/s.

Fig. 14: The trajectories that are L1 escapes in the C = 3.16 motion map (Fig.
13a) but bound in the C = 3.17 motion map (Fig. 13b) are identified in (a).
The ∆V in m/s between the maps is reflected in (b).
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Fig. 15: Earth-Moon system X-Z motion map with colors representing the
nondimensional time at which end state was achieved. Bound orbits are ex-
cluded for clarity (T = 50).
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(a) 0.84 ≤ X0 ≤ 0.98

���� ���� ���� ���� ����
�

�

�

�

�

��

�� [��������������]

�
�
[�
�
�
�
��
�
�
�
��
�
�
�]

(b) 0.90 ≤ X0 ≤ 0.94

Fig. 16: Z = 0 slice of X-Z Earth-Moon system motion map, C = 3.17.
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(a) Tf = 1.847
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(b) Tf = 6.624

Fig. 17: Nearly periodic orbit about the Moon; one period (left) and two and
half periods (right). X0 = [0.9127418712, 0, 0, 0,−0.36714247, 0].
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Fig. 18: X = 1− µ slice of X-Z Earth-Moon motion map, C=3.17.
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(a) X-Y plane projection.

(b) Three dimensional.

Fig. 19: Nearly periodic orbit about the Moon, one period, X0 =
[0.9878493117, 0, 0.05664, 0,−0.4684394439, 0], T = 6.631.


